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CYCLIC REPRESENTATIONS AND PERIODIC POINTS

GABRIELA PETRUŞEL

Abstract. The purpose of this note is to give some existence results of

periodic points for some classes of single-valued operators. The fixed point

structures technique and an abstract periodic point lemma given by I. A.

Rus are used.

1. Introduction

Throughout this paper, we will use the notations and terminologies in [4], [5].

Let (X, d) be a metric space and f : X → X an operator. By Ff := {x ∈

X| x = f(x)} we will denote the fixed point set of the operator f .

We will also use the following symbols:

P (X) := {Y ⊆ X|Y 6= ∅}, Pcl(X) := {Y ∈ P (X)| Y is closed}, Pcp(X) :=

{Y ∈ P (X)| Y is compact} and Pb(X) := {Y ∈ P (X)| Y is bounded }.

Let X, Y be nonempty sets. We will denote by M(X, Y ) the set of all single-

valued operators from f : X → Y . If X = Y then M(Y ) := M(Y, Y ).

Definition 1.1. Let X be a nonempty set. By definition (see [4]), the triple

(X, S(X),M) is a fixed point structure (briefly f. p. s.) if:

(i) S(X) ⊂ P (X), S(X) 6= ∅

(ii) M : P (X) →
⋃

Y ∈P (X)

M(Y ) is a selection operator, such that if Z ⊂

Y, Z 6= ∅ then M(Z) ⊃ {f|Z |f ∈ M(Y ), Z ∈ I(f)}

(iii) for each Y ∈ S(X) and f ∈ M(Y ) we have that Ff 6= ∅.
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Definition 1.2. (I. A. Rus [5]) Let X be a nonempty set and f : X → X

an operator. By definition, X =
m⋃

i=1

Xi (where Xi ⊂ X, for each i ∈ {1, 2, · · · ,m})

is a cyclic representation of X with respect to f if f(X1) ⊂ X2, · · · , f(Xm−1) ⊂

Xm, f(Xm) ⊂ X1.

In [3], W. A. Kirk, P. S. Srinivasan, P. Veeramani proved some fixed point

theorems for single-valued operators satisfying some cyclical contractive assumptions.

Then, I. A. Rus generalize these results in terms of the fixed point structures (see [5]).

Also, in Rus [5], the following periodic points lemma is given:

Lemma 1.3. Let (X, S(X),M) be a fixed point structure, where X is a

nonempty set. Let Ai ∈ P (X), for each i ∈ {1, 2, · · · ,m}. Denote Y :=
m⋃

i=1

Ai and

consider f : Y → Y . Suppose that:

(i) Y :=
m⋃

i=1

Ai is a cyclic representation of Y with respect to f ;

(ii) Ai ∈ S(X) for some i ∈ {1, 2, · · · ,m};

(iii) g1, g2 ∈ M(Y ) implies g1 ◦ g2 ∈ M(Y ).

Then Ffm 6= ∅.

The purpose of this paper is to give some applications of the previous lemma.

2. Periodic points for Knaster-Tarski type operators

Let (X,≤) be an ordered set,

S(X) := {Y ∈ P (X)|(Y,≤) is a complete latice} and

M(Y ) := {f : Y → Y | f is increasing }. Then (X, S(X),M) is a f. p. s. (Knaster-

Tarski, see [1]).

Then, by applying Lemma 1.3., one obtains:

Theorem 2.1. Let (X,≤) be an ordered set, Ai ∈ P (X), for i ∈

{1, 2, · · · ,m}, such that there is i0 ∈ {1, 2, · · · ,m} with Ai0 a complete lattice. Denote

Y :=
m⋃

i=1

Ai and consider f : Y → Y . Suppose that:

(i) Y :=
m⋃

i=1

Ai is a cyclic representation of Y with respect to f ;
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(ii) f(x1) ≤ f(x2), for each x1 ∈ Ai and each x2 ∈ Ai+1, (i ∈

{1, 2, · · · ,m}) with x1 ≤ x2 (where Am+1 = A1).

Then Ffm 6= ∅.

Proof. Let us remark that the fixed point structure of Knaster-Tarski satis-

fies the conditions (i)-(iii) in Lemma 1.3. �

3. Periodic points for generalized contractions

Let (X, d) be a complete metric space. Then the operator f : X → X is

called a ϕ-contraction if there exists a comparison function ϕ (i. e. ϕ : R+ → R+ is

non-decreasing and (ϕn(t))n∈N → 0, as n → +∞, for each t > 0) such that

d(f(x1), f(x2)) ≤ ϕ(d(x1, x2)), for all x1, x2 ∈ X.

If we consider S(X) := Pcl(X) and one define

M(Y ) := {f : Y → Y |exists a comparison function ϕ such that f is a ϕ-contraction},

then (X, S(X),M) is a f. p. s. (see Rus [4])).

The following result follow now from Lemma 1. 3.

Theorem 3.1. Let (X, d) be a complete metric space, Ai ∈ P (X), for i ∈

{1, 2, · · · ,m}, such that there is i0 ∈ {1, 2, · · · ,m} with Ai0 ∈ Pcl(X). Denote Y :=
m⋃

i=1

Ai and consider f : Y → Y . Suppose that:

(i) Y :=
m⋃

i=1

Ai is a cyclic representation of Y with respect to f ;

(ii) there exists a comparison function ϕ such that

d(f(x1), f(x2)) ≤ ϕ(d(x1, x2)), for all x1 ∈ Ai, and x2 ∈ Ai+1, i ∈ {1, 2, · · · ,m},

where Am+1 = A1.

Then Ffm 6= ∅.

Proof. Let g1, g2 ∈ M(Y ). It follows that there exist the comparison func-

tions ϕ1, ϕ2 such that gi is a ϕi-contraction, for i ∈ {1, 2}. Since the composition of

two comparison functions is a comparison function, it follows immediately that the

condition (iii) in Lemma 1.3. holds. �
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4. Periodic points for contractive operators

Let (X, d) be a metric space. Then the operator f : X → X is called

contractive if d(f(x1), f(x2)) < d(x1, x2), for all x1, x2 ∈ X, x1 6= x2. If S(X) :=

Pcl(X) and M(Y ) := {f : Y → Y | f is contractive }. If (X, d) is a compact metric

space, then (X, S(X),M) is a f. p. s. (Nemytzki-Edelstein, see [4])).

From Lemma 1.3. we have:

Theorem 3.1. Let (X, d) be a compact metric space, Ai ∈ P (X), for i ∈

{1, 2, · · · ,m}, such that there is i0 ∈ {1, 2, · · · ,m} with Ai0 ∈ Pcl(X). Denote Y :=
m⋃

i=1

Ai and consider f : Y → Y . Suppose that:

(i) Y :=
m⋃

i=1

Ai is a cyclic representation of Y with respect to f ;

(ii) d(f(x1), f(x2)) < d(x1, x2), for each x1 ∈ Ai, and x2 ∈ Ai+1,

with x1 6= x2, for i ∈ {1, 2, · · · ,m}, where Am+1 = A1.

Then Ffm 6= ∅.

Proof. Let g, h be contractive operators. Then, for any two elements x1, x2

from X, with x1 6= x2, we have: d((g ◦ h)(x1), (g ◦ h)(x2)) ≤ d(h(x1), h(x2)) <

d(x1, x2). hence all the conditions of Lemma 1.3. are satisfy. �

5. Periodic points for nonexpansive operators

Let (X, d) be an uniformly convex Banach space. Then the operator f : X →

X is called nonexpansive if d(f(x1), f(x2)) ≤ d(x1, x2), for all x1, x2 ∈ X. If S(X) :=

Pb,cl,cv(X) and M(Y ) := {f : Y → Y | f is nonexpansive }. Then (X, S(X),M) is a

f. p. s.(Browder - Ghöde - Kirk, see [1], [2]).

For nonexpansive operators we have:

Theorem 4.1. Let X be an uniformly convex Banach space, Ai ∈ P (X), for

i ∈ {1, 2, · · · ,m}, such that there is i0 ∈ {1, 2, · · · ,m} with Ai0 ∈ Pb,cl,cv(X). Denote

Y :=
m⋃

i=1

Ai and consider f : Y → Y . Suppose that:

(i) Y :=
m⋃

i=1

Ai is a cyclic representation of Y with respect to f ;
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(ii) d(f(x1), f(x2)) ≤ d(x1, x2), for each x1 ∈ Ai, and x2 ∈ Ai+1, for i ∈

{1, 2, · · · ,m}, where Am+1 = A1.

Then Ffm 6= ∅.

Proof. Since the composition of two nonexpansive operators is a nonexpan-

sive operator, we remark that the condition (iii) in Lemma 1.3 holds. The conclusion

follows now by Lemma 1.3. �

6. Periodic points for Perov type operators

Let (X, d) be a generalized metric space, in the sense that d(x, y) ∈ Rk.

The operator f : X → X is called a Perov type contraction (or S-contraction)

if S ∈ Mkk(R), with Sn → 0, as n → +∞, such that d(f(x1), f(x2)) ≤

S · d(x1, x2)), for all x1, x2 ∈ X. If S(X) := Pcl(X) and M(Y ) := {f : Y →

Y | f is a Perov contraction }. Then (X, S(X),M) is a f. p. s. (Perov, see [4])).

In the setting of the Perov’s f. p. s., Lemma 1. 3. gives us:

Theorem 5. 1. Let (X, d) be a complete generalized metric space, Ai ∈

P (X), for i ∈ {1, 2, · · · ,m}, such that there is i0 ∈ {1, 2, · · · ,m} with Ai0 ∈ Pcl(X).

Denote Y :=
m⋃

i=1

Ai and consider f : Y → Y . Suppose that:

(i) Y :=
m⋃

i=1

Ai is a cyclic representation of Y with respect to f ;

(ii) There exists a matrix S ∈ Mkk(R), with Sn → 0, as n → +∞

such that d(f(x1), f(x2)) ≤ S · d(x1, x2), for each x1 ∈ Ai, and x2 ∈ Ai+1, for i ∈

{1, 2, · · · ,m}, where Am+1 = A1.

Then Ffm 6= ∅.
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