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EXTREMAL PROBLEMS OF TURAN TYPE

IOAN POPA

Abstract. We give estimations of certain weighted L2-norms of the k-
th derivative of polynomials which have a curved majorant. They are

obtained as applications of special quadrature formulae.

1. Introduction

The following problem was raised by P. Turan.

Let ¢ (x) >0 for =1 <z <1 and consider the class P, , of all polynomials
of degree n such that |p,(z)] < ¢(x) for -1 <z <1.
P (x)

The aim of this paper is to consider the solution in the weighted L?—norm

How large can max|_y be if py is arbitrary in P, , ¢

for the majorant
_a—fz

go(x) - mv

0<B<a
Let us denote by
(2 —1)7m .

i=1,2,...,n, the zeros of T}, (x) = cosnf,x = cosb, (1.1)

T; = cos o ,

the Chebyshev polynomial of the first kind,
ygk) the zeros of U,Sk_)l () ,Up—1 () =sinnd/sin b,z = cos¥b, (1.2)
the Chebyshev polynomial of the second kind and
Gpo1(z) =aUp—1(z) — BUp—2 (z),0 < B < a. (1.3)
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Let I1,, s be the class of all polynomials p,,—1, of degree < n — 1 such that

o — Bx;
V1—a?

where the z;’s are given by (1.1) and 0 < 8 < «a.

|pn_1($¢)\ < ,i=1,2,..,n, (14)

2. Results

Theorem 2.1. Ifp,_ € Il, 3 then we have
i 1
| = @] 21)
V1= 22
71 1-=z
- 2mn(n—1) [(a® 4+ 6?) (n —2) (n* = 2n+2) + 562 (n* —n +1)]
- 15

with equality for pp,—1 = Gp_1.

Two cases are of special interest:
I Case a=[f=1,¢(x) = /7%,

cos[(n— %) arccos x}

Gn—l (I) = Vn—l (:E) = cos[% arccos :c]
Note that P,,_1,, C Il 1, Viie1 € Pr—1,p, V1 € I 1.

Corollary 2.2. Ifp,_1 €Il11 then we have

1

1 2 2mn(n—1)(2n —1) (n? —n+3)
/m [P%—l (I)] do < 15 ( (2:2)
21
with equality for p,_1 = V,_1.
II. Case a=1,3=0, p(x) = \/1%7 , Gpo1=U,_1.
Note that Pnfl)g, C Hl’o, U, 1€ Pnfl’tp, U,_1 € HI,O-
Corollary 2.3. Ifp,_1 €1l1 then we have
1
1 , 2 2mn (n4 — 1)
—_— de < ——————~ 2.3
[ m [pn—l (‘T)} T = 15 ( )

with equality for p,_1 = U,_1.
In this second case we have a more general result:
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Theorem 2.4. Ifp,_1 €1Il; o and 0 <b < a then we have
: 2
/(a — bx)? (1- x2)k71/2 [pffjll) (x)} dx (2.4)
21

<7ra(n+k‘—|—1)! 2(n2—(k+2)2>(a2—|—3b2) 2 (k+1)a®+ 3b?
k21 | 2kt D) (k13)(2k15)  (2k+1)(2k+3)

k=0,....n—2 , with equality for p,—1 = Up_1.
Setting a = 1,b = 1 one obtains the following

Corollary 2.5. Ifp,_1 € II;,; then we have
f 2
[ @ a2 50 )] s (25)
Z1

m(n+k+1)! 8(n2—(k+2)2)+(2k+5>2
(n—k—2) * (2k+1)(2k13)(2k+5)

k=0,..,n—2, with equality for p,—1 = U,_1.
Setting a = 1,b = 0 one obtains the following

Corollary 2.6. If p,_1 € Il then we have

/1 (1-2%)"" [pltD (w)}2 dx (2.6)

<27T(n—|—k+1)!x n?+k2+3k+1
(n—k—2) ~ (2k+1)(2k+3)(2k +5)

k=0,....n—2 , with equality for p,_1 = Up_1.
3. Lemmas

Here we state some lemmas which help us in proving our theorems.

Lemma 3.1. Let p,_1 be such that |p,—1(z;)| < a—pri ;i —1,2, ...,n, where the z;’s

>~ \/@a
are given by (1.1). Then we have
loh 1 (W) < |Gri(yj)| . k=0,1,...,n — 1, and (3.1)
P ()] < |G W) P (D] < (G (=D (3-2)
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Proof. By the Lagrange interpolation formula based on the zeros of T, and us-

i+1
ing T, (z;) = ((ll)ﬁ , we can represent any polynomial p,_1 by p,—1(z) =

L3 () (1= ad) s ().

From G,,_1 (7;) = (— 1) 2282 we have G,y (x)=2%> Ly (z)

Vi-a} =1 (o= e

Differentiating with respect to = we obtain

1 Z T (x)(x—xi)— Tn(;v)( 1)i+1 (1 )1/

(z—z4)2

P (2) = Pn-1 (i)
On the roots of T’ () =nUp—1 (x) and using (1.4) we find

Ty To(yi)] & a—fa;
Pl yj\SEZ(‘M( — fx;) = l (y3)|2(.ﬂ.2:iG;71(yj)|'

Yj—x Yj _Iz)

For I; (z) = - (:L) taking into account that I} (1) > 0 (see [5]) it follows
|Ph—1 )|§%Zl'( ) (a = pz;) = |G,y (1)] .
Similarly [p},_; (=1)| < |G}, (-1)|. O

Lemma 3.2. (Duffin — Schaef fer)[2] If q(z) =c ﬁ (x — ;) is a polynomial of
degree n with n distinct real zeros and if p € P, is suc/lz:tlhat

@)l < g (=1,2,.m),
then for k=1,2,....,.n — 1,

[p* 0 ()] < [¢*+D(x)| whenever ¢*) (z) = 0.

Lemma 3.3. Let p,_1 be such that |pn—1(z;)| <

1 .
\/7272 =1,2,...,n,
1—z7

where the x;’s are given by (1.1). Then we have

pglkfll)(yj(-k) ‘ ‘U(kﬂ (k ))‘, whenever UT(lk_)1 (y](k)) =0, (3.3)

k=0,1,....,mn— 1,and

PP < [T ) ) ()| < [l ) (3.4)
Proof. Fora=1, =0, G,_1 =U,—_1 and (3.1) give ’p; 1(y ’ | _1(y5) ‘
and (32) [P (0] < |07 4 (D), s (1] < |07 a ().
Now the proof ends by applying Duffin-Schaeffer Lemma. O
We need the following quadrature formulae:
Lemma 3.4. For any givenn and k, 0 <k <n—1, let y(k) i=1,..,n—k—1,
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be the zeros of u®
n—1-
Then the quadrature formulae

n—k—1

[P rw = als -0+ r @1+ Y s (1)

i=1

_ 2 k4 DT (k4 1/2)° (n— k- 1)!

Ap (n i k)' ,8; >0
and
1
[ @=a) " f @) dn = Balf (1) + £ 1)
-1
n—k—2
FOU () = W1+ 3w ()
2% (2k 4+ 3)T (k +3/2)° (n — k — 2)!
0 (n+k+1) ’
2(n2—(k+2)2) (2k +3) + 4 (k+1) (2k +5)
By = Cy

(2k + 1) (2k + 5)
have algebraic degree of precision 2n — 2k — 1.

Forr(z) = (a —bx)®, 0 < b < a the formulae

/ r(2) (1= )2 f (@) do = A f (1) + Bif (1)
-1

+ > s () £ (57)

n—k—1
1

K2

_ 2Lk DT (k+1/2)° (n—k—1)! (a+D)°

A
1 (n—|—k)' )

2Lk DT (k+1/2) (n— k — 1! (a —b)°
T (n+k)!

(3.5)

(3.6)
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and

/ r V2 f ey de = €1 f (—1) + Duf (1) (3.8)
—1

n 2

+Csof’ (=1) — Daof' (1) + zk: v,r( k+1)f(y§k+l)),

i=1
C1 = By (a+b)® —3Cob(a+b)*, Dy = By (a — b)* + 3Cob (a — b)?,
Cy = Co(a+b)*, Dy =Co(a—b)?*,
have algebraic degree of precision 2n — 2k — 4.

Proof. The first quadrature formula (3.5) is the Bouzitat quadrature formula of the
second kind [3, formula (4.8.1)], for the zeros of U(k) = P(k+2’k+ )

Setting a ==k —1/2,m=n—k—11n [3, formula (4.8.5)] we find Ay and s; >0
(cf. [3, formula (4.8.4)]).

k §,k 3
f@) = (1—a2) (1 +2)? PETED ()
3 gy3
U @) = P ),
we obtain Cj, and for
k é,]f 3
f@) =0+ PO @)
we find By.
If in formula (3.5) we replace f (z) with r (z) f (z) we get (3.7) and
if in formula (3.6) we replace f (x) with r (z) f (z) we get (3.8). O
4. Proof of the Theorems
Proof of Theorem 2.1
Setting k = 0 in (3.5) we find the formula
1 T T n—1
/ e (S IR OV SFATY (1)
i=1
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According to this quadrature formula and using (3.1) and (3.2) we have

1
It W @) do = 22 (s (1) 5 (s (D) + 5 5 0 )’

< E (G () + 5 (G (1) gZ( y)” = fl 7 (G ()] da.
Using the following formula ( £ = 0 in (3. 6))
. 3 (3n 3 n=2
J Fda = O 22 F (1) + £ ()] + g [ (-1) — £/ (U] + X wif )
U, _(x) 2 27'rn n 71 1 Z(m z 271”!7,(7171)(’!172) n?—2n42
we find f e z2] = 7 f Vel 15( )

- f CAE 2m<nf1>[<a2+62><n+11>5<n 1) =56 (2 n1)]

Proof of Theorem 2.4
According to the quadrature formula (3.7), positivitiness of s;’s, and using (3.3) and

(3.4) we have
[ a=ta) (1= o4 )] do

-1
= [ o] B D @) TS s (5 0 ()]
=1

< [ 0] [ ] T e () [ (o))
=1
= J s =) 0 @]

21
2
In order to complete the proof we apply formula (3.8) to f = {Ur(lkjil) (x)] .

Having in mind Uflkjl) (yka) = 0 and the following relations deduced from [1]

k41 n(n?—12)...(n%?—(k+1)? k+2 n®—(k 2 (k+1
Ul (1) = 2 T ??...((2k+3) Lo = o2l D (1),
UMY () U (-1 = oY (o ),

we find
1

J =t (=) P D @] e = 03 U850 (0] 0 U ]

+20,U D (—1y Ul (—1) — 2D, Y (1) U (1)

n—1
_ ma(nt+k+1)! |: ["2_(k+2)2](‘12+3b2) 2(k+1)a2+3b2:|
= T(n—k=2)! (2k+1)(2k+3)(2k+5) (2k+1)(2k+3)
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