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ON SOME APPLICATIONS OF INTERPOLATION OPERATORS

GH. COMAN AND I. TODEA

Abstract. The goal of this paper is to give applications of interpolation
operators, with a special emphasis on optimal approximation of some linear
functionals and the construction of methods for the solution of equations

on R.

Let B be a linear space of real-valued functions defined on a domain 2 C R",
ACBand A={N| N\ : B—R, i=1,...,N}, aset of linear functionals. For f € B,
is denoted by A(f) = {M\(f)| Ai € A, i =1,..., N}, the informations on f suitable
to A.

An operator P : B — A, for which

f € B, is an interpolation operator that interpolates the set A, while

f=Pf+Rf

is the interpolation formula generated by P, with R the remainder operator.
The number r € N for which Pf = f, for all f € P} and there exists
g € P74, such that Pg # g, where P} is the set of all polynomial functions of the

total degree at most r, is the degree of exactness of the operator P.
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The purpose of this paper is to discuss applications of interpolation operators
to the approximation of some linear functionals, the construction of some homoge-
neous cubature formulas, the construction of numerical methods for solving of some

operatorial equations.

1. Optimal approximation in sense of Sard

One suppose here that A := Ag = {\y; : H™?[a,b] = R, k=1,....n, j €
I}, with I, € {0,1,...,rc}, rx € N, 1 < m, is a set of Birkhoff-type functionals, i.e.
Mej (f) = fO(2r), 2k € [a,0], ox # 2 for k # j. Let X\ : H™?[a,b] — R, be a given
linear functional such that the elements of the set A U{A} to be linear independent.
One considers the approximation formula

=D A fO@) + R (f), (1)
k=1j€ly

where N = |I1| + ... |I,| — 1.

Definition 1. Formula (1), with prescribed points xy € [a,b], k = 1,...,n,
for which:

')RN(el,)—O v=0,1,...,m—1

il / K2 (t)dt — minim,

where K is the corresponding Peano kernel:

k() = Ry <<(m>))

(. 1 ZZAI” *Jfl)’

k=1j€l}

=A

is called optimal in sense of Sard.

In 1964, I. J. Schoenberg [10] has established a relationship between the
optimal approximation of linear operators, in particular, optimality in sense of Sard,
and spline interpolation problems.

So, let S : H™2[a,b] — Say—1(Ap) be a natural spline interpolation operator
of the order 2m — 1, suitable to Ag.
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Remark 2. [3] If Ap contains at least m functionals of Hermite-type then

S exists and is unique.

For f € H™?[a,b], let
J=Sf+Rf

be the natural spline interpolation formula generated by S.

It follows [10], that
Af) = ASS) + AMRS)

is the formula of the form (1) that is optimal in sense of Sard.

For example, if

b
A(f) = / f(@)de

then (2) becomes an optimal, in sense of Sard, quadrature formula.

As an application, let us find the quadrature formula of the form

/01 f(z)dr = Ao f(0) + A1 F (;) + Ao f <;) + Agod(1) + R(f)

that is optimal in sense of Sard. Using, for example, the cubic spline interpolation

formula
) = sna(alf0) 4 5200)f (3 ) + (@) (3 ) + (01 1) + (RO)

where
1\? 1\?
500($):1—3x+4x3—4<a:—> —6<x—>
2/, 2/,
3
s10(x) = 3z — 42> + 8 <x - ) —4(z —1)%
2/
1 5 1\? 5
si(x) =—sox+22°—6(x— <) —2x—-1)L
2 2 n
1\* 1\?
520(33)2—4(1‘—) —|—6(a:—> +4(z —1)%
2/, 2),
and

(Rf)(z) = / o1 () ()t
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with

et ==y = o) (5-1) —out@) (3-1) —sula -0

+

it follows that the optimal coefficients A}; respectively the optimal kernel Ki are

1
Afj:/ sij(z)dx
0
and
1
K10 = [ ety
0

One obtains:
Aoo = TG’ AlO = g» A11 =0, Azo = 1z

and

We also have

| iz = g

Hence
1
R < - 1" .
RO < 55727l
Remark 2. The gaussian quadratures are optimal in sense of Sard - all the
coefficients and nodes are determined from the condition i). But, the nodes in the

gaussian quadrature formula of the form
1 n
[ e =3 if @) + Ru(1) (3)
-1 i=1

are the zeros of the Cebyshev polynomial T,,, i.e.

2k —1
2n

Zy, = COS m, k=1,...,n.

It means that the optimal coefficients of the quadrature form (3) are:
1
Al :/ U(x)dx, i=1,...,n
-1
where [ are the fundamental Lagrange interpolation polynomials corresponding to
the interpolation nodes 2}, 7 =1,...,n.
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2. Homogeneous cubature formulas

Let D be a domain in R?, f : D — R an integrable function on D and
A(f) = {\w(f)| k = 1,...,N} some informations on f. Next, one suppose that
Me(f), k=1,..., N, are punctual values of f or of certain of its derivatives, i.e. the
values of them at the cubature nodes.

One considers the cubature formula
N
1= [ [ fawpdody = 37 A5 + Bu (1) (4)
A i=1

where A4;, i = 1,..., N are of the cubature coefficients and Ry (f) is the remainder
term.

The problem is to find the parameters of such a cubature formula (coefficients
and nodes) and to study the corresponding remainder term. Most solutions for this
problem has been obtained when D is a regular domain in R? (rectangle, triangle,
etc.) and the informations are regularly spaced. For example, the product and the
boolean sum rules belong to this class of cubature procedures.

So, let D C R? be a rectangle, D = [a,b] x [c,d] and \*(f) = {\¢(f)| i =
0,1,...,m}, AY(f) = {A\J(f)| j = 0,1,...,n}, m,n € N some given partial informa-
tion on f, with regard to = respectively y.

One considers the quadrature formulas:

b
Iof = / F,y)dz = Q3 1)(+y) + (REF) () (5)
and
d
Ivf = / f,y)dy = (@QUF) () + (RVF) () (6)

where

QTN Cy) =D AN (f)
=0

(QYf)(x,) =D BA(f)
j=0
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and Ry, R} the corresponding remainder operators:
R =1 = Q]
R =1Y- QY.
We have the following decompositions of the double integral operator I*Y:
I = Q{QY + (IR + I"RY — R{RY) (7)
and
I = QI+ I"QY — QIQY) + Ri RY ®)
The identities (7) and (8) generate so called product cubature formula
I = (QIQY)f + (R{IY + I"RY — R{R{)f
respectively, the boolean-sum cubature formula
I = (QIIY+17Q1 — QIQY)f + RIR{f.

Now, if p; and ¢ are the approximation orders of Q7 respectively QY
(ord(Q%) = p1, ord(QY) = q1), it follows that the order of the product cubature
formula is min{p1, ¢1 }, while the order of boolean-sum cubature formula is p; +¢; [5].

Hence, the boolean-sum cubature rule has the remarkable property that it has
a high approximation order. Otherwise, the boolean-sum cubature formula contains

the simple integrals I f and IY f. But, this simple integrals can be approximated, in

a second level of approximation, using new quadrature procedures, i.e.
I"f=Q3f + Ry f
respectively
I"f = Q3f + Ry f.
This way, from (8), is obtained
I = Q* + R™ (9)

where

Q" = QiQ; + Q307 — QTQY (10)
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and
R = QiRY + QURS + Ri R (1)
As can be seen, from (11) follows
ord(Q™) = min{ord(Q7) + ord(QY), ord(Q3) + 1,0rd(Q3) + 1}

If
ord(Q3) = ord(Q) + ord(QY) — 1
ord(QY) = ord(QY) + ord(QY) — 1
then the cubature formula given by (9) is called a homogeneous cubature formula [5].
One of the main procedure to construct homogeneous cubature formulas is
based on the interpolation formulas. It is well known that each interpolation formula
give rise to a quadrature or cubature formula.
Remark 3. [6] If the multivariate interpolation formula is a homogeneous
one, then the suitable cubature formula is also an homogeneous cubature formula.
To illustrate it, we give some simple examples:
Example 2. Let f : D, — R, with D, = [0,b] x [0,b] be given
and A(f) = {f(0,0), f(h,0), f(0,h), f(h,h)}. For the partial informations on f:
A (f) = {f(0,9), f(h,y)} respectively AY(f) = {f(z,0), f(z,h)}, one considers the
Lagrange’s operators L{ and LY:

h—x

(LED) (@) = =5 FO.9) + 51 (h,y),
() = Y, 0) + L)
If Rf =1— L7 and RY =1 — LY, with I the identical operator, then we have
I=L{a LY+ RYRY, (12)
the boolean sum decomposition of the identity operator. Also, we have

J=Li®LYf + RiR}f

or

f= L7+ L] = LTLY)f + R{R{ f
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Now, if L7 f and LYf are interpolated, in a second level, by the Hermite’s

operators HY respectively Hy suitable to the information sets

AY(f) = {f(=,0), fOV(x,0), f(z, ), fOV (&, h)}
and
A3(f) = {£0,9), F00,9), f(h,y), fO (h,y)},

one obtains
f=(LiHS + HyL{ — LYLY)f + (L{R3 + L{R3 + R{RY) f, (13)
where Ry = I — Hf and R = I — HY. Taking into account that
ord(LYLY) = ord(H3) = ord(HY) = 4

(13) is a homogeneous interpolation formula of order 4 [4].

Theorem 4. The cubature formula

[ [ swzay = + ren
Dy,

where
Q= [ [uzimy+ B LY - L) 1) o ey
or o
Q= Q105 + @301 + QT
and

Mﬂ=[ﬂ@%+ﬂ%+%%mwwmw
Dy,

is a homogeneous cubature formula of order 6.

Proof. Suppose that f € C*%(D},). Then

(R 1)) = D0 o0 e )
(R (a) = P po2 )
2?(x

Ry
74h)f(4,0) (€2, 1)

(RS £)(wy) = 5
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2(y — h)2
(REf) ) = SO )
with €1a§25n1an2 € [07]7‘}

As

h h3

| D@ = 35720 )
h h3

| RED @y = 570 @)

h h5
| ) e = 25 £ )

" h‘5 0,4
| Ry = 2550 )

pi, 2, v, v € [0,h], it follows that ord(Q7) = ord(QY) = 3 and ord(Q%) =
ord(QY) = 5. Hence, ord(Q%) = ord(Q%) = ord(Q7) + ord(QY) — 1.
Example 3. Let T}, be the standard triangle, T, = {(z,y) € R?| x >0, y >

0, z+y < h}, f: T, - Rand A(f) = {(O,Z),f<g,0>,f(g,g)}. Let P be

the operator that interpolate the information A(f), i.e.

(P = "2 (0.5) + 52 (50) + 2R (5.5)

and
f=Pf+Rf (14)

the interpolation formula suitable to P.

Let
//&@wMMy:Mﬂ+RU> (15)

Th

be the cubature formula generated by (14), i.e.
h? h h h h

R = [ [ RO g)dody

and

Remark 7. dex(Q) = 2, although dex(P) = 1.
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Theorem 8. Formula (15) is a homogeneous cubature formula of interpola-

tions type.
Proof. Suppose that f € B12(0,0) on T},. By Peano’s theorem (dex(Q) = 2),

we have
h ) h
R(f) = / Kso(w,y, ) [ (s,0)ds + / Koi(w,y,9) f®(s,00ds  (16)
0 0
h
+/ K()S(x7y7t)f(o,3)(07t)dt+ //KIQ(xayvsat)f(l72)(svt)d8dt
0 Th
where ,
_(h— s)*  h? [h
Kol =" "%\277),
_(h— s)*  hm3 [h
Kal)="=—"537),
Ko3(t) = Kzo(t)
(h—s—1t)> K2 [h O /h
Kia(s,t) = e ¢
6 6 \ 2 +\2 I
As K39 > 0, Koz > 0 on [0, h] and
K ds = —h Koz (t)dt =
/o 30(s)ds 720" . 03(t) 790
respectively

_ 1oy 14
omax, ()] = g7y max|K(s, )] = 357

the proof follows from (16).

Example 4. An interesting homogeneous formula, for f : T, — R, is ob-

tained from the interpolation formula

f=Pf+Rf
when
o =1 (53)
namely

/ / f(e,y)dedy = Q(f) + R(f) (17)
Ty
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with

an=-"r(53).

It is easy to verify that dex(Q) = 1, while dex(P) = 0.
Theorem 9. Formula (17) is a homogeneous cubature formula.

Proof. If f € B11(0,0) on T}, by Peano’s theorem one obtain

W o 02) 89, r(L)
R < 55 [I7COCOI+ 1702001+ 1701

3. Methods for nonlinear equations on R

For f: Q — R, Q C R, one considers the equation
flx)=0, zeq. (18)

Let F: D™ — D, D C €, be an iterative method for solutions of the equation

(18), i.e. for given (zg,...,xn,—1) € D™, F generates the sequence
LO, L1y ee oy L1y Ly - (19)
where
xi:F(xi,n,...mi,l), Z:’I'L,

If the sequence (19) converges to a solution, say x*, of the equation (18), F
is a convergent method.

The number p with the property that

hm JI* — F(l‘i_n+1, . ,Ii)
zi—a* (z* — a;)P

=¢, ceR\{0},

is the order of F' (ord(F) = p).

An efficient procedure to construct numerical methods for the solution of the
equation (18), is based on inverse interpolation. Namely, if g is the inverse of f,
g = f~! and z* € D is a solution of the equation (18), f(z*) = 0, then z* = g(0).
Inverse interpolation procedure means that the inverse function g is approximated by
an interpolation operator P and z* ~ (Pg)(0).
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For example [7], using Taylor interpolation is obtained the one step method

|
&
|

FT ()

(f(xi))kg(k)(f(xi))

with ord(FT) =

Also, using Lagrange interpolation is obtained the multistep method

L s ) = " fi—n---fi—n+k—1fi—n+k+1~--fi T
Bl (@icny o) kzzo(fifn_fk)---(fifn+k71_fk)(fifnJrkJrl_fk)~-~(fi_fk) F

with ord(FE) = p, the positive solution of the equation
-1 =0

e, 1<p<2.
An interesting class of methods is given by Abel-Goncharov interpolation

operator P, defined by

zpk )£ ()

where
po(z) =1
pi(z) =z — a9
1 k—1
k k—
pr(z) = | ij(w)% N k=2,...,n
§=0
Applying the operator P to the function g = f~!, for the interpolation nodes
Ti_n,-...,T;, one obtains

Fy?G(xi—na-“a Z Pn—i— k (n - k)(f(xk))

k=i—n

For example,

f(fl?i—l)
f(@i)

F1AG(171'—1,JU¢) =Tj—1 —

is a new modified of Newton-Raphson method.
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