STUDIA UNIV. “BABES-BOLYAI”, MATHEMATICA, Volume XLIX, Number 3, September 2004

NOTE ON THE SOLVABILITY OF A SYSTEM OF EQUATIONS

ZOLTAN FINTA

Abstract. In this note we formulate sufficient conditions for the solvabil-
ity of a system of equations in R? (d > 1) using attached polynomial
system of equations. The solution of the last system tends to the solution
of the original system and the approximation error will be estimated by

means of the modulus of smoothness and K —functional, respectively.

1. Introduction

Let (X,]| - ||x) be a real or complex normed space and denote by L(X) the
space of all continuous linear operators from X to X. For an operator A € L(X) and
an element y € X let us consider the equation (I — A)(z) = y. Approximating the
operator A by another operator A € L(X) and the element y by § € X, we arrive
at a new equation (I — A)(Z) = §. This equation usually is easier to solve and it is
called the near equation of (I — A)(xz) = y. The problem to give estimations of the
error ||z — Z||x with the aid of A, A, y and § has been studying extensively (see e.g.
).

The algorithm described in [4] provides the solutions of the system of equa-
tions fi(w1,22,...,24) =0, i € {1,2,...,d}, located in TI_, [0,1], and a polynomial
system of equations is used in place of the near equation.

The purpose of this paper is to give sufficient conditions regarding the func-
tions f; which imply the solvability of the system of equations f;(z1,xa,...,24) =0,
i €{1,2,...,d}, d > 2, using different attached polynomial system in comparison
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with [4]. This last system will be given by means of the multivariate Bernstein - Dur-
rmeyer polynomials defined on a simplex. The approximation error will be estimated
using a K —functional. The case d = 1 is treated separately, where the attached equa-
tion contains the well - known Bernstein polynomial, and the approximation error is

estimated by the Ditzian - Totik modulus of smoothness.

2. Main results

For a function f : [0,1] — R the Bernstein polynomials are defined by

(Buf)(w) = k}_j poso) £ (1),

where

Dni() = xk(l — x)"_k, x€[0,1], n>1.
k

Let us consider the equation

and let
(Bnf)(x) = 0 (2)
be the attached equation to (1). Our first result is:

Theorem 1. Let f : [0,1] — R be a continuously differentiable function such that
f(0) - f(1) < 0 and there exists ¢ > 0 with the property |f'(x)| > q for all x € [0,1].
Ify € [0,1] is a solution of the equation (1) then there exists a sequence (xp)n>1 such

that x,, 1s a solution of (2) for alln > 1 and lim,,_., x, =y. Moreover, we have the

estimations
< 1 4V/3) W2 —~1/2 >
where
W2 (fin72) = s sup |f(@+te(@) — 2/ () + [ (@ — (@),

0<t<n-1/2 z€[0,1]
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o(z) = Vx(l —z), x € [0,1] is the Ditzian - Totik modulus of smoothness. Further-
more, if f € C?[0,1] then

. 1
Jim n(Baf)(y) = 5 y(L-9)f"(y)
and
1 )
on =l < o (34V3) 170,
qn \ 2
where n > 1 and || - ||« is the sup - norm on [0, 1].

Proof. The hypotheses f(0) - f(1) < 0 and |f'(z)| > ¢, € [0,1] imply that y is the
unique solution of (1). Furthermore, (B, f)(0) = f(0) and (B, f)(1) = f(1). So, by
f£(0) - f(1) < 0 we obtain (B, f)(0) - (B,f)(1) < 0, which implies the existence of a
solution x,, of the equation (2) for all n > 1. On the other hand, in view of Lagrange’s
mean - value theorem there exists z, between y and z,, such that
f(an) = flxn) = f(y) = [(zn) - (20— y).
Hence, by |f/'(z)| > ¢, = € [0,1] we get
1
lon =yl = @)l = - If @) = (Baf)(@n)]
<

-max{|f(z) = (Bnf)(z)| : = €[0,1]}

Nf = Baflle =0 as n— oo (3)

QIR Q= Q|-

This means that lim, . , = y. Using (3) and [5, p. 452, Corollary 11] we have
1
on =yl £ (104+4V3) 2 (£.n7) (4)

If f € C?[0,1] then, in view of Voronovskaja theorem [3, p. 307, Theorem
3.1] and f(y) =0,
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Hence

_ 1
W2 (£ 72) < e supswp PR(a) <
0<t<n—1/2 z€[0,1] n

By (4) we arrive at the estimation
on =l = - (54 VE) 1
which completes the proof.
Using same ideas it can be proved the following:
Corollary 1. Let f : [0,1] — R be a continuous function such that f(0)- f(1) <0
and there exists ¢ > 0 with the property qlz — x'| < |f(x) — f(a')| for all x,2' € [0,1].

Ify € [0,1] is a solution of the equation (1) then there exists a sequence (xy)n>1 such

that x,, is a solution of (2) for alln > 1 and
1
lzn —yl < 5 (10 + 4\/§> Wf; (f7n71/2> .

Remark 1. A solution x,, of the equation (B f)(x) =0, n > 1, can be obtained by
Bairstow’s method [9, pp. 301 - 303].

In what follows we consider the multivariate Bernstein - Durrmeyer polyno-
mials introduced by Derriennic [2] as
0N = RS P [ P
(B/n)eT
where z,u € RY, = (z1,...,24), u = (U1, -..,uq), B = (k1,...,kq) with k; integers,
and T = {u: 0 < uy, Zle u; < 1}. Furthermore, P, g(u) is given by
n!
p(n —|B])!
where B! = k! . kal, uf = uf o ube (uF =10k = w; = 0), [ul = L, w; and

18] = 2%, ki. We define, by virtue of [1, p. 112, (2.9)],

Pop(u) = u? (1= Juf)" =7,

(1= |zl)

d o 9
z:: O Z(aﬂ% x):w; (3331_3333‘)

Now we consider the following system of equations:

fim) =0, ie{l2,....d}, (5)
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where f; : T — R, and let

(M, f)(z) = 0, ie{l,2,...,d} (6)
be the attached system of equations to (5). We denote by || - || a norm on R?.
Theorem 2. Let (f1,...,fs) : T — R be a continuous function. If y € T is a
solution of (5), (")p>1, o™ = (x7,...,xY) is a solution of (6) for alln > 1 and there

exist ¢ > 0 and ig € {1,2,...,d} with the property q||lx — 2’| < |fi,(x) — fi,(z")] for

all z,2’ € T then lim, .o ||2" —y|| =0. Moreover, we have the estimation

n 2 -
||‘T —yH < gK(f’ioan l)a n>1

)

where

K (fig,n™") = inf { |fi, = gllo +n7" [P(D)gllec : g€ CHT) }

and || - ||« is the sup - norm on T. If f € C*(T) then

lim n(M,fi,)(y) = P(D)fi, (y).

n—o0

Proof. We have

||:L,'rl

—yl < = fi (@) = fi W)l = — - |fig (=)

| =

1

q

1 n n

g i@ = (Mafio) (@)
1 2 .

< a”Mnflo*on”OOSQK(flovn )a n2>1,

in view of [1, p. 115, ( 3.2 )]. Hence lim, . [z"™ —y| =0.

If f € C*(T), then, by [1, p. 112, Lemma 2.1 ] and f;,(y) = 0 we obtain

lim n(Mnflo)(y) = P(D)flo(y)’

which was to be proved.

Remark 2. Let ¢ > 0 and f = (f1,..., fa) : R — R be a differentiable function
with || f'(x)|]« = sup{|| f'(z)(2)| : ||zl <1} >¢q for all x € R%. Then the condition
I f(x) — f(2)|| > qllx — 2'|| for all z,x" € R? is not necessarily true for d > 2 ( see

8, p. 81, 3.23 ]).
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Remark 3. Following [4] we have: the system of equations (6) can be transformed
into an equivalent “triangular” polynomial system using the Grébner basis algorithm.
So the solvability of the last system of equations can be traced back to the solvability
of a polynomial equation with one unknown. To solve this equation we apply again
Bairstow’s method on [0,1]. After that we generate all solutions of the "triangular”
polynomial system located in T. Thus we arrive at the solutions z™ of (6), n > 1.
It may happen that the polynomial equation with one unknown has not solutions in
[0,1]. In this case the polynomial system of equation has not solution either and the

polynomial system must be rephrased.

Remark 4. In [4] another attached system of equation is given, namely
Bnfi)(z) =0, ie{l,2,....d}

where © = (z1,...,24) € D, D:H?:1 [0,1], fi : D — R and

n n n . . d n ‘ -
(anz)(x) = Z Z Z fi <2,,Z;Z> H . (g;j)ij . (1 _xj)"*?j.

i1=1140=1 j=1 15
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