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MINIMAL CURVES IN ALMOST MINKOWSKI MANIFOLD

SORIN NOAGHI

Abstract. In a Lorentz manifold [M, g] with a global timelike vector field
Z which respects g (Z, Z) = −1 and its distribution is involutive, we con-
sider a topological norm and this corresponding length of curves. We find
the local equations of minimal curve of this length functional.

1. Introduction

Let M be a (n + 1) dimensional connected paracompact without boundary
manifold and g a nondegenerate bilinear form with diagonal form +,+,...,+,- to each
tangent space.

Given a global vector field Z so that g(Z,Z) = −1 on M , we say that the
structure (M, g, Z) is a time-normalized space-time manifold.
Definition 1.1. A time-normalized space-time manifold (M, g, Z) is an almost
Minkowski manifold if the distribution:

x ∈ M 7−→ {X ∈ TxM | g (X, Z) = 0} is involutive.

Definition 1.2. A time-normalized space-time manifold (M, g, Z) for which there is
f : M → R so that Z = ∇f is called a functional normalized space-time manifold
and it is noted (M, g, f) .
Remark 1. Obviously any functional normalized space-time manifold is an almost
Minkowski manifold.

In [5] the necessary and sufficient conditions for a time-normalized space-time
manifold are given to be an almost Minkowski manifold.
Proposition 1.1. Let (M, g, Z) be a time-normalized space-time manifold with
H1 (M) = {0} . The necessary and sufficient conditions for the existence of an atlas
A of M , so that the local coordinates of g respects:

∂n+1 = Z and
∂gan+1

∂xb
=

∂gbn+1

∂xa
, ∀a, b = 1, n + 1 (1)

is (M, g, Z) to be a functional normalized space-time manifold.
Proof. We define the 1−form ω = gan+1dxa. Then:

dω =
(

∂gan+1

∂xb
− ∂gbn+1

∂xa

)
dxa ∧ dxb
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and the condition (1) implies dω = 0 and by hypothesis ω is an exact 1-form and
there exist f : M → R so that:

df = ω ⇔ ∂f

∂xa
dxa = gan+1dxa or

gab ∂f

∂xa
= δb

n+1 ⇒ gab ∂f

∂xa
∂b = ∂n+1 ⇒ ∇f = Z

Reciprocally if ∇f = Z then gan+1 =
∂f

∂xa
and

∂gan+1

∂xb
=

∂gbn+1

∂xa

Remark 2. The restrictive condition of almost Minkowski manifold does not imply
the chronologicity. For example if M = S1×R with g = −dθ2 +dt2 admits the curve
γ (s) = (s, t0) which is a closed timelike curve, and

(
M, g; ∂

∂θ

)
is a almost Minkowski

manifold.
If Lor (M) denotes the set of Lorentz metrics. with partial ordering relation:

g1≤g2 ⇔ ∀p ∈ M, ∀X ∈ TpM, g1 (X, X) ≤ 0 ⇒ g2 (X, X) ≤ 0

then by [1, Prop. 6.4.9] the functional-normalized space-time manifold can be char-
acterize by the following statement:
Proposition 1.2. A Lorentz manifold (M, g) can be become a functional normaliza-
tion Lorentz manifold if and only if a causal metric g1 exists, so that g ≤ g1.

2. Minimal curve in almost Minkowski manifold

Definition 2.1. We call Z−norm on a almost Minkowski manifold the application:
| |Z : TM → R, defined by:

|X|Z = |g (X, Z)|+
√

g (X, Z)2 + g (X, X)

Remark 1. a) It is proved in [5] that:

|X|Z = min{λ ≥ 0, −λZx ≤ X ≤ λZx}
where the ordering relation on TxM is defined by:

X ≤ Y ⇔ (X = Y ) ∨ (g (Y −X, Y −X) < 0 ∧ g (Zx, Y −X) < 0)

b) For a almost Minkowski manifold (M, g, Z), the expression of the norm in
the preferential atlas A (which exists [5]) with:{

∂n+1 = Z
gan+1 = −δa

n+1,∀a = 1, n + 1

is:

|X|Z =
∣∣Xn+1

∣∣+√gijXiXj ,∀i, j = 1, n where X = Xa∂a, a = 1, n + 1

If p1, p2 ∈ M, we note the Ωp1p2 the set of C∞ curves from p1 to p2 and its
subsets:

Ω+
p1p2

= {γ : [α, β] → M, g
(
γ′ (t) , Zγ(t)

)
> 0, ∀t ∈ [α, β]}

Ω−p1p2
= {γ : [α, β] → M, g

(
γ′ (t) , Zγ(t)

)
< 0, ∀t ∈ [α, β]}

Ω0
p1p2

= {γ : [α, β] → M, g
(
γ′ (t) , Zγ(t)

)
= 0, ∀t ∈ [α, β]}

Definition 2.2. For γ ∈ Ωp1p2 we define the Z−length of γ by:

LZ (γ) =
∫ β

α

|γ′ (t)|Z dt
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Theorem 2.1. If γ0 ∈ Ω+
p1p2

exist so that:

LZ (γ0) ≤ LZ (γ) , ∀γ ∈ Ω+
p1p2

then there is a parametrization of γ0 which in local preferential coordinates verifies:

hab
d2xb

0

ds2
+

1
2

[
∂hab

∂xc
+

∂hac

∂xb
− ∂hbc

∂xa

]
dxb

0

ds

dxc
0

ds
= 0, ∀a = 1, n + 1

where:

hab =
{

gab if (a, b) 6= (n + 1, n + 1)
0 if (a, b) = (n + 1, n + 1)

and the local equations of γ0 are:{
xa = xa

0 (s)
a = 1, n + 1, s ∈ [α′, β′] with

(
g

(
dγ

ds
, Z

)2

+ g

(
dγ

ds
,
dγ

ds

)
= 1

)
Proof. Let be γ ∈ Ω+

p1p2
with the local preferential atlas

A :
{

xa = xa (t)
a = 1, n + 1 , t ∈ [α, β] Then g

(
dγ
dt , Zγ(t)

)
> 0 implies

dxn+1

dt < 0. and the Z-length functional is:

LZ (γ) =
∫ β

α

{
−dxn+1

dt
+

√
gij

dxi

dt

dxj

dt

}
dt where i, j ∈ 1, n

We denote:

G
(
t, (xa) ,

(
xa′
))

= −dxn+1

dt
+

√
gij

dxi

dt

dxj

dt
and we calculate:

∂G

∂xm
=

∂gij

∂xm
dxi

dt
dxj

dt

2
√

gij
dxi

dt
dxj

dt

;
∂G

∂xm′ = +δn+1
m +

gim
dxi

dt

(
1− δn+1

m

)√
gij

dxi

dt
dxj

dt

Because (gij)i=1,n
j=1,n

is a matrix of a positive definite bilinear form, it is possible to find

a parametrization of γ so that gij
dxi

ds
dxj

ds = 1 or g
(

dγ
ds , Z

)2

+g
(

dγ
ds , dγ

ds

)
= 1. Then the

Euler-Lagrange system of the Z-length functional for the curves of Ω+
p1p2

becomes:

∂G

∂xm
− d

ds

(
∂G

∂xm′

)
= 0

or
1
2

∂gij

∂xm

dxi

ds

dxj

ds
− d

ds

[
−δn+1

m + gim
dxi

ds

(
1− δn+1

m

)]
= 0.

For m 6= n + 1 we have:

gim
d2xi

ds2
+

1
2

[
∂gim

∂xj
+

∂gjm

∂xi
− ∂gij

∂xm

]
dxi

ds

dxj

ds
+

∂gim

∂xn+1

dxi

ds

dxn+1

ds
= 0

or

gim
d2xi

ds2
+

1
2

[
∂gim

∂xj
+

∂gjm

∂xi
− ∂gij

∂xm

]
dxi

ds

dxj

ds
+

+
1
2

[
∂gim

∂xn+1
+

∂gn+1m

∂xi
− ∂gin+1

∂xm

]
dxi

ds

dxj

ds
+
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+
1
2

[
∂gjm

∂xn+1
+

∂gn+1m

∂xj
− ∂gn+1j

∂xm

]
dxm+1

ds

dxj

ds
+

+
1
2

[
∂gn+1m

∂xn+1
+

∂gn+1m

∂xn+1
− ∂gn+1n+1

∂xm

]
dxn+1

ds

dxn+1

ds
= 0

that is:

gam
d2xa

ds2
+

1
2

[
∂gbm

∂xa
+

∂gam

∂xb
− ∂gab

∂xm

]
dxa

ds

dxb

ds
= 0 (2)

where a, b ∈ 1, n + 1
For m = n + 1 the Euler-Lagrange equation become:

1
2

∂gij

∂xm

dxi

ds

dxj

ds
= 0

or

(gn+1a − gn+1n+1)
d2xa

ds2
+

1
2

[
∂gbn+1

∂xa
+

∂gan+1

∂xb
− ∂gab

∂xn+1

]
dxa

ds

dxb

ds
= 0 (3)

Therefore the relations 2 and 3 implies:

hab
d2xb

0

ds2
+

1
2

[
∂hab

∂xc
+

∂hac

∂xb
− ∂hbc

∂xa

]
dxb

0

ds

dxc
0

ds
= 0, ∀a = 1, n + 1

where:

hab =
{

gab if (a, b) 6= (n + 1, n + 1)
0 if (a, b) = (n + 1, n + 1)

Remark 2. The analogous statement for the case Ω−p1p2
6= φ. For Ω0

p1p2
6= φ the

equation g
(

dγ
dt , Z

)
= 0 becomes −xn+1′

= 0 hence

xn+1 = k, where k is a constant. If exist γ0 ∈ Ω0
p1p2

so that

LZ (γ0) ≤ LZ (γ) , ∀γ ∈ Ω0
p1p2

than we can find a parametrization of γ0 so that its local preferential coordinates
verify: {

h̃ik
d2xi

ds2 + 1
2

[
∂h̃ik

∂xj + ∂h̃jk

∂xi − ∂h̃ij

∂xk

]
dxi

ds
dxj

ds = 0
dxn+1

ds = 0, ∀i, j, k = 1, n

where h̃ij = gij

(
x1, x2, .., xn,k

)
.

If p1, p2 are on the same pure timelike curve, meaning that:
∃γ0 : [α, β] → M, γ (α) = p1, γ (β) = p2, γ′ (t) = λ (t) Zγ(t), where λ (t) > 0

or λ (t) < 0, we can find a parametrization of γ0 in the preferential coordinates, so
that:

dxa
0

dt
= ±δa

n+1, ∀a = 1, n + 1 and:

LZ (γ0) =
∣∣xn+1

0 (β)− xn+1
0 (α)

∣∣ ≤
≤

∫ β

α

{∣∣∣∣dxn+1 (t)
dt

∣∣∣∣+
√

gij
dxi (t)

dt

dxj (t)
dt

}
dt = LZ (γ)

for every γ ∈ Ω+
p1p2

if λ > 0 and γ ∈ Ω−p1p2
if λ < 0.

Corollary 2.1. Let (M, g, f) be a almost Minkowski manifold. For any p1 ∈ M,there
is a neighborhood V1, so that for any p2 ∈ V1 with Ω+

p1p2
6= Φ there is at least a curve

γ0 ∈ Ω+
p1p2

which is minimal for the Z−length functional
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Remark 3. We can state the same results for Ω−p1p2
and Ω0

p1p2
.
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University of Petroşani, University Street, No. 20,
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