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MINIMAL CURVES IN ALMOST MINKOWSKI MANIFOLD

SORIN NOAGHI

Abstract. In a Lorentz manifold [M, g] with a global timelike vector field
Z which respects g (Z,Z) = —1 and its distribution is involutive, we con-
sider a topological norm and this corresponding length of curves. We find
the local equations of minimal curve of this length functional.

1. Introduction

Let M be a (n + 1) dimensional connected paracompact without boundary
manifold and ¢ a nondegenerate bilinear form with diagonal form +,4+,...,4+,- to each
tangent space.

Given a global vector field Z so that g(Z,Z) = —1 on M, we say that the
structure (M, g, Z) is a time-normalized space-time manifold.

Definition 1.1. A time-normalized space-time manifold (M,g,Z) is an almost
Minkowski manifold if the distribution:

reEM—{XeT,M|g(X,Z)=0}is involutive.

Definition 1.2. A time-normalized space-time manifold (M, g, Z) for which there is
f: M — R sothat Z = Vf is called a functional normalized space-time manifold
and it is noted (M, g, f).
Remark 1. Obviously any functional normalized space-time manifold is an almost
Minkowski manifold.

In [5] the necessary and sufficient conditions for a time-normalized space-time
manifold are given to be an almost Minkowski manifold.
Proposition 1.1. Let (M,g,Z) be a time-normalized space-time manifold with
H' (M) = {0}. The necessary and sufficient conditions for the existence of an atlas
A of M, so that the local coordinates of g respects:

Bnsr = Z and 898";;1 - a%b;jl, Va,b=T,n 1 (1)

is (M, g, Z) to be a functional normalized space-time manifold.
Proof. We define the 1—form w = g4p+1d2®. Then:

dw _ agan—i-l B 8gbn+1
Oxb Ox®

> dz® A dz®
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and the condition (1) implies dw = 0 and by hypothesis w is an exact 1-form and
there exist f : M — R so that:

df =w < ﬁdm” = gant1dx® or

e
abaafaab:an+1 =>Vf=2Z

af and agan+1 o agbn+1

a b - a

gab af
ox®

Reciprocally if Vf = Z then ggnt1 =

§b+1 =49

Remark 2. The restrictive condition of almost Minkowski manifold does not imply
the chronologicity. For example if M = S! x R with g = —df? + dt? admits the curve
v (s) = (s, to) which is a closed timelike curve, and (M, g; %) is a almost Minkowski
manifold.

If Lor (M) denotes the set of Lorentz metrics. with partial ordering relation:

Gi<ge = Vpe M, VX € T,M, g1 (X, X)<0=¢2(X,X) <0
then by [1, Prop. 6.4.9] the functional-normalized space-time manifold can be char-
acterize by the following statement:

Proposition 1.2. A Lorentz manifold (M, g) can be become a functional normaliza-
tion Lorentz manifold if and only if a causal metric g; exists, so that g < g;.

2. Minimal curve in almost Minkowski manifold

Definition 2.1. We call Z—norm on a almost Minkowski manifold the application:
||, : TM — R, defined by:

X] = 19 (X,2)| +\/9(X, 2)* + 4 (X, X)
Remark 1. a) It is proved in [5] that:
1X|, = min{\ >0, ~\Z, < X < \Z,}
where the ordering relation on T, M is defined by:
X<YoeX=Y)V({ -X,Y —X)<0Ag(Z,Y — X) <0)

b) For a almost Minkowski manifold (M, g, Z), the expression of the norm in
the preferential atlas A (which exists [5]) with:

{ Oni1=2
Gant1 = —0p,1,Va=1,n+1
is:
|X|, = |X"+1|+\/gle71XJVZ]f1 n where X = X*0,,a=1,n+1
If p1, p2 € M, we note the Q,,,, the set of C* curves from p; to ps and its

subsets:
O =y a8l = M, g (v (1), Zyw) >0, Vi € [a, 8]}
Q=B =M, gy ({#),Zyw) <0, Vt€ [a,B]}
Q0 ={y: a8l = M, g(+ (1), Zyw) =0, Vt € [, 8]}
Definition 2.2. For v € ,,,, we define the Z—length of v by:

B
[ Wl
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Theorem 2.1. If 4 € QFf  exist so that:
Lz () <Lz (v), Vv € Q,,

then there is a parametrization of g which in local preferential coordinates verifies:

d2w8 1 [Ohgy Ohge  Ohpe dmg dz§

sz 2 ds ds

h

= Va =1 1
Ox¢ Oxb Oz 0, va ot

where:

W gab if (a,b) # (n+1,n+1)
@7 0if (a,0) = (n+1,n+1)

and the local equations of v are:

2
zt = (s) : dy dy dyy _
{al,n+1,se[a’,ﬁ’] with <g<d8’z) +g(d8’d8 -

Proof. Let be v € Q;rlpz with the local preferential atlas

1. { ) ; -
A a = W B te [Ol,ﬂ] Then g (%727(75)) >0 1mphes

< 0. and the Z-length functional is:

8 dn+1 dxt dxi _
LZ('y):/ {_x + - x}dtwherei,jel,n

d$n+1
dt

dt SAPTITS
We denote:

/ dz™ ! dxzt dxd
(0, (o) =25
(@), (= dt +g]dtdt

and we calculate:

9gi; dx* dx? dz’ n
oG — 8;]7" dt_dt . oG _ _|_5n+1 + 9im g (1 _§m+1)

da™ o [ datde = Ox™ ot ot
9ijar “dt 9ij ar “dt

Because (gij);_15 18 a matrix of a positive definite bilinear form, it is possible to find

j=1ln
i j 2
a parametrization of  so that g;; 492" = 1 or g (‘fl—z, Z) +g (i—z, Z—Z) = 1. Then the

Euler-Lagrange system of the Z-length functional for the curves of QF  becomes:

p1p2
oG 3 d oG \ 0
dxm  ds \dz™ |

1 0g;; dx* da’ d dx’
T [‘57%“ gim s (1= 533@“)] =0.
For m # n + 1 we have:
d’z" 1 [0gim  O0gjm  0gij | dx'dx?  0gim da®dz™t
JimTgsz T g { Oxd dxt 81:’"} ds ds 'zl ds ds

or

=0

or

A’z 1 [0¢im 09jm  00ij dz® dad
JimTg2 T3 { OxI dxt Bmm} ds ds
+1 [ 0Gim n Ogn+im agin+1:| dfcidij

2 | Qznt! ozt ozx™ | ds ds
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+1 8gjm + agnJr'lm _ 8gn+1j dxmtl di]—i—
2 | Ozt oxJ Oxm™ ds ds

+1 [3gn+1m ntim 39n+1n+1] da" 1 dgn Tt 0
2

Oxntl Oxntl oxm ds ds
that is:

d?z* 1 [0gvm  Ofam  Ogap | dx® dx® B 5
Jam=gs2 T3 {(‘h“ dxb (%cm] ds ds @
where a,b € 1,n +1
For m = n + 1 the Euler-Lagrange equation become:
1 dg;; dx* da’ B
20xm ds ds
?z® 1 [Ogpn 0Gan d9, dz® dz®
(9n+1a = Gn+1nt1) ds2 "9 { g;x:l gaxljl - axgnfl} ds ds (3)
Therefore the relations 2 and 3 implies:
d2x8 1 [0hey Ohge Ohype d:vg dzx§
g2 i) { a } ds ds

or

h =0,Va=1n+1

oz + Oz 0x?
where:

b gap if (a,b) # (n+1,n+1)
@™ 0if (a,0)=(n+1,n+1)

Remark 2. The analogous statement for the case Q. # ¢. For lem #+ ¢ the
dy

equation g (77 Z) = 0 becomes —z" ! = 0 hence

2"t =k, where k is a constant. If exist vy € lem so that

Lz (vw)<Lz(v), Vye lem

than we can find a parametrization of «y so that its local preferential coordinates
verify:

Tz 1 [Ohue | Ohyk _ Ohij | dat da? _
{ hlk ds? + 2 |:8x7 + dx? Oxk ds ds =0

o =0, Vi, j k=T,n

where ﬁij = gij (xl,x2, ..;E”,k) .

If p1, po are on the same pure timelike curve, meaning that:

El’YO : [aaﬁ] - M; '7(&) = P1, ’Y(ﬁ) = P2, ’}/ (t) = )‘(t) Z’y(t)v where A(t) >0
or A(t) < 0, we can find a parametrization of 7o in the preferential coordinates, so
that:

dxf -
;to =445 1, Va=1,n+1and:
Lz(w) = |57 (8) =25 (a)] <

IN

da™ L (t) ‘ N \/ dat () da’ (1)

B8
/a{ pr 9ii g dt}dtZLz(V)

for every v € Qf if A>0andye Q) if A <0.

Corollary 2.1. Let (M, g, f) be a almost Minkowski manifold. For any p; € M there

is a neighborhood V7, so that for any p, € V; with Q;‘l », 7 ® there is at least a curve

Yo € Q;flm which is minimal for the Z—length functional
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- 0
Remark 3. We can state the same results for Qplm and Qplpz.
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