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ON A GENERAL CLASS OF GAMMA APPROXIMATING
OPERATORS

VASILE MIHESAN

Abstract. Many authors introduced and studied positive linear operators,
using Euler’s gamma function I'p, p > 0. We shall define a more general
linear transform I‘;a’b), a,b € R, from which we obtain as particular cases
the gamma first-kind transform and the gamma second-kind transform.
For different values of a and b we obtain several gamma type operators
studied in the literature.

1. Introduction

Many authors introduced and studied positive linear operators, using Euler’s
gamma function: [3], [4], [7], [8], [9]-

We shall define a more general linear transform from which we obtain as par-
ticular cases the gamma first-kind transform and the gamma second-kind transform.

Euler’s gamma function is defined for p > 0 by the following formula

[(p) = /OOO e P ldt (1.1)

T(p) = /01 P! (i) du (1.2)

For a,b € R we define the (a,b)-gamma transform of a function f by the

which can be written as

functional (see also [5])

T 1)) = o [ et e e ar (13)

where I' is defined by (1.1) (or (1.2)) and f € L1 0¢(0, 00) such that Féa’b)|f\ < o0.
The above relation is equivalent with

(T2 f) (2) = F(1p)/01 In?~? <i) f (:z:ub <11)1n i)) du (1.4)

For different values of a and b we obtain several gamma type operators studied
by many authors.
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2. The Gamma first-kind transform

If we put in (1.3) b = 0 we obtain the gamma first-kind transform of function f

(T f)(z) = ﬁ /OOO tp-ly (x (;)) dt (2.1)

where f € Ly j0c[0, 00) such that I‘I()a)|f| < 00.
One observes that T\ is a positive linear functional.
We state and prove:
Lemma 2.1. The moment of order k of the functional I‘éa) has the following value

_ T(p+ka) o

(T@ey)(z) = T © x> 0. (2.2)

Proof. By using (1.1) we easily obtain

ka
1 & t
' @e)(z :—/ e Pk () dt
e = 165 :
k oo
— xi/ e typtka—l g Mxk O
0

~ T(p)pre preT(p)
Consequently we obtain
I‘é“ ei(z) = mx, I‘I(,“)eg(x) = mﬁ (2.3)
Particular cases
Case 1. If we consider a =1 in (2.1) we obtain
(Cof)(e) = (0 9)e) = s [ et (2 ) (2.4
L'(p) Jo p

For a = 1, Lemma 2.1 leads us to the following
Corollary 2.2. The moment of order k, k € N, of the functional I';, has the following
values

(Tpen)(a) = rodat, o
We deduce
Tper)(e) =, (Tpea)le) = ota?, Tyl(t— o)) = p

If we choose p = n, n € N in (2.4) then we obtain Post-Wider’s positive linear
operator, defined for f € Ly 1,.(0, 00) by

(P f) () = ﬁ /Ooo etn1g (fj) dt. (2.5)

If we replace p by nz, for n € N and « > 0, in (2.4), we reobtain Rathore’s
positive linear operator [8], defined for f € Lj j0.(0,00) by

(Rof) () = ﬁ /OOO ety (;) dt. (2.6)
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Corollary 2.3. One has
x
Pallt—afi2) ==, Ral(t—a)im) = =
Proof. 1t is obtained from Corollary 2.2.
Szasz’s operator is defined by the following formula

o0 k
(Suf)@) = (n%')f (:) >0 2.7)
k=0
If we apply gamma transform (2.4) to Szasz’s operator we obtain the following
positive linear operator.
Theorem 2.4. The following identity

oo

nx)® P
FP(Snf)(x) = Z ( k‘!) (nf_il;))p-i-kf (k> , x>0 (2.8)

k=0
holds true. Here (p)o =1 and (p)r =p(p+1)...(p+k—1), k> 1.

Proof.
9] k
1 > ntJ. ntx 1 k
T - e~ tp— 1, fhhded — i
p(Snf) ) I'(p) /0 t kzzo< p ) k! (n)
1 k /OO —t(2241) pth—1
—_— — e P tP dt
I'(p) < ) 0
ptk
p
r k
1()ro+s (,W)
_ i PPk, (k
pors k! (nz + p)ptk
n [2] A. Lupag considered the operator L, defined for f € C[0,00) by

(Laf)e) =2y Gy (£) (2.9

k=0

1
L'(p)

%
X
na)"*

which reproduces linear functions.

This operator is similar with Szasz’s operator. In [2] the author asks to find
properties of operator L,. Some approximation properties were given in [1]. In the
following theorem we shall prove that this operator can be obtained by the composite
of Rathore’s operator with Szasz’s operator.

Theorem 2.5. a) If P, is the Post-Wider’s operator (2.5) then Bif = P,(Snf),
where B} is the Baskakov’s operator

B =3 (" e (5) w20

k=0
b) If R, is the Rathore’s operator (2.6) then
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Proof. The proof is obtained from Theorem 2.4 for p = n in the first case and for
p = nx in the second case.
Corollary 2.6. The operator L, can be written in the following manner

L@ =3 " 0.1 K ).

nk n
k=0

Proof. We apply Theorem 2.4(b), using for the Szasz’s operator the following formula

! k] %
(Snf)(x) - Z |:O7n7"',n,f:| z.
k=0
Case 2. If we replace a = —1 in (2.1) we obtain the following gamma trans-
form
~ _ 1 R px
r =(T{Y :7/ =l (=) at 2.1
(C)@) = OV 0)@) = s [ e () (2.10)

where I is the gamma function (1.1), p > 0, and f € Ly (0, 00) such that I',| f| < oc.
One observes that I', is a positive linear functional.
Lemma 2.7. The moment of order k, k € N, k < p, of the functional I';, has the

following value

= _Tlp—k)

foevle) = Trgy )

(px)*, x>0.

Proof. 1t is obtained from Lemma 2.1, for a = —1.
We deduce
2 2

(Fpea)(o) = + i Tyl(t—a)ia) = 2.

If we put p =n+ 1 in (2.9) we obtain the gamma operator introduced and
studied by A. Lupas and M. Miiller [4]

(Gnf)(x) = %/0 et f (W) dt (2.11)
Corollary 2.8.
1,2
G((t = 2)%2) = —.

Proof. 1t is obtained from Lemma 2.7 for p =n + 1.
Several papers have dealt with these operators: [3], [4], [9].
3. The Gamma second-kind transform

If we choose in (1.3) a = 0 then we obtain the gamma second-kind transform
of a function f

T () = ﬁ /OOO e f(we )t (3.1)

where I' is the gamma function (1.1), p > 0, and f€ Lq j0.[0, 00) such that FI(,b)|f\ < 00.
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We consider here only the case b = 1.

(1) (@) = (T f)(2) = ﬁ / T et flae e (3.2)

Formula (3.2) is equivalent with (see (1.4))
(M2 (@) = / 0t L )
P I'(p) Jo u
Clearly, I} is a positive linear functional.

Lemma 3.1. The moment of order k, k € N, of the functional I';, has the following
value

k
x
r; =
( Pek})(x) (k+1)p
Proof. We can write successively
1 X et t\k ak > -1 t(k+1)
(Trer)(z) = / e~ P (e ") dt = —/ P e\t =
P L'(p) Jo I'(p) Jo
z*  T(p) ak

CT(p)(E+1)p  (E+1)P°
By using (3.1), for p = a, a > 0 we obtain the positive linear operator

(Aahle) = ooy | et e, (33)
or equivalent (see (3.2))
1
(Aaf)(z) = %a) /O et % F(tx)dt. (3.4)

This operator was introduced by the author in [5] and it is strongly related
with Cesaro means of order « (see [5]). This operator is an approximating operator
for o — 0, for example, « = 1/n, n € N.
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