
STUDIA UNIV. “BABEŞ–BOLYAI”, MATHEMATICA, Volume XLVIII, Number 4, December 2003

ON A GENERAL CLASS OF GAMMA APPROXIMATING
OPERATORS

VASILE MIHEŞAN

Abstract. Many authors introduced and studied positive linear operators,
using Euler’s gamma function Γp, p > 0. We shall define a more general

linear transform Γ
(a,b)
p , a, b ∈ R, from which we obtain as particular cases

the gamma first-kind transform and the gamma second-kind transform.
For different values of a and b we obtain several gamma type operators
studied in the literature.

1. Introduction

Many authors introduced and studied positive linear operators, using Euler’s
gamma function: [3], [4], [7], [8], [9].

We shall define a more general linear transform from which we obtain as par-
ticular cases the gamma first-kind transform and the gamma second-kind transform.

Euler’s gamma function is defined for p > 0 by the following formula

Γ(p) =
∫ ∞

0

e−ttp−1dt (1.1)

which can be written as

Γ(p) =
∫ 1

0

lnp−1

(
1
u

)
du (1.2)

For a, b ∈ R we define the (a, b)-gamma transform of a function f by the
functional (see also [5])

(Γ(a,b)
p f)(x) =

1
Γ(p)

∫ ∞

0

e−ttp−1f(xe−bt(t/p)a)dt (1.3)

where Γ is defined by (1.1) (or (1.2)) and f ∈ L1,loc(0,∞) such that Γ(a,b)
p |f | < ∞.

The above relation is equivalent with

(Γ(a,b)
p f)(x) =

1
Γ(p)

∫ 1

0

lnp−1

(
1
u

)
f

(
xub

(
1
p

ln
1
u

)a)
du (1.4)

For different values of a and b we obtain several gamma type operators studied
by many authors.
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2. The Gamma first-kind transform

If we put in (1.3) b = 0 we obtain the gamma first-kind transform of function f

(Γ(a)
p f)(x) =

1
Γ(p)

∫ ∞

0

e−ttp−1f

(
x

(
t

p

)a)
dt (2.1)

where f ∈ L1,loc[0,∞) such that Γ(a)
p |f | < ∞.

One observes that Γ(a)
p is a positive linear functional.

We state and prove:
Lemma 2.1. The moment of order k of the functional Γ(a)

p has the following value

(Γ(a)
p ek)(x) =

Γ(p + ka)
pkaΓ(p)

xk, x > 0. (2.2)

Proof. By using (1.1) we easily obtain

(Γ(a)
p ek)(x) =

1
Γ(p)

∫ ∞

0

e−ttp−1xk

(
t

p

)ka

dt

=
xk

Γ(p)pka

∫ ∞

0

e−ttp+ka−1dt =
Γ(p + ka)
pkaΓ(p)

xk. �

Consequently we obtain

Γ(a)
p e1(x) =

Γ(a + p)
paΓ(p)

x, Γ(a)
p e2(x) =

Γ(p + 2a)
p2aΓ(p)

x2 (2.3)

Particular cases
Case 1. If we consider a = 1 in (2.1) we obtain

(Γpf)(x) = (Γ(1)
p f)(x) =

1
Γ(p)

∫ ∞

0

e−ttp−1f

(
xt

p

)
dt (2.4)

For a = 1, Lemma 2.1 leads us to the following
Corollary 2.2. The moment of order k, k ∈ N, of the functional Γp has the following
values

(Γpek)(x) =
Γ(p + k)
Γ(p)pk

xk, x > 0.

We deduce

(Γpe1)(x) = x, (Γpe2)(x) =
p + 1

p
x2, Γp((t− x)2;x) =

x2

p
.

If we choose p = n, n ∈ N in (2.4) then we obtain Post-Wider’s positive linear
operator, defined for f ∈ L1,loc(0,∞) by

(Pnf)(x) =
1

Γ(n)

∫ ∞

0

e−ttn−1f

(
xt

n

)
dt. (2.5)

If we replace p by nx, for n ∈ N and x ≥ 0, in (2.4), we reobtain Rathore’s
positive linear operator [8], defined for f ∈ L1,loc(0,∞) by

(Rnf)(x) =
1

Γ(nx)

∫ ∞

0

e−ttnx−1f

(
t

n

)
dt. (2.6)
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Corollary 2.3. One has

Pn((t− x)2;x) =
x2

n
, Rn((t− x)2;x) =

x

n
.

Proof. It is obtained from Corollary 2.2.
Szasz’s operator is defined by the following formula

(Snf)(x) = e−nx
∞∑

k=0

(nx)k

k!
f

(
k

n

)
, x ≥ 0. (2.7)

If we apply gamma transform (2.4) to Szasz’s operator we obtain the following
positive linear operator.
Theorem 2.4. The following identity

Γp(Snf)(x) =
∞∑

k=0

(nx)k

k!
pp(p)k

(nx + p)p+k
f

(
k

n

)
, x > 0 (2.8)

holds true. Here (p)0 = 1 and (p)k = p(p + 1) . . . (p + k − 1), k ≥ 1.
Proof.

Γp(Snf)(x) =
1

Γ(p)

∫ ∞

0

e−ttp−1e−
ntx

p

∞∑
k=0

(
ntx

p

)k 1
k!

f

(
k

n

)

=
1

Γ(p)

∞∑
k=0

(nx)k

pkk!
f

(
k

n

) ∫ ∞

0

e−t(nx
p +1)tp+k−1dt

=
1

Γ(p)

∞∑
k=0

(nx)k

pkk!
f

(
k

n

)
Γ(p + k)

(
p

nx + p

)p+k

=
∞∑

k=0

(nx)k

k!
pp(p)k

(nx + p)p+k
f

(
k

n

)
.

In [2] A. Lupaş considered the operator Ln, defined for f ∈ C[0,∞) by

(Lnf)(x) = 2−nx
∞∑

k=0

(nx)k

2kk!
f

(
k

n

)
(2.9)

which reproduces linear functions.
This operator is similar with Szasz’s operator. In [2] the author asks to find

properties of operator Ln. Some approximation properties were given in [1]. In the
following theorem we shall prove that this operator can be obtained by the composite
of Rathore’s operator with Szasz’s operator.
Theorem 2.5. a) If Pn is the Post-Wider’s operator (2.5) then B∗nf = Pn(Snf),
where B∗n is the Baskakov’s operator

(B∗nf)(x) =
∞∑

k=0

(
n + k − 1

k

)
xk

(1 + x)n+k
f

(
k

n

)
, x ≥ 0.

b) If Rn is the Rathore’s operator (2.6) then

Lnf = Rn(Snf).
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Proof. The proof is obtained from Theorem 2.4 for p = n in the first case and for
p = nx in the second case.
Corollary 2.6. The operator Ln can be written in the following manner

(Lnf)(x) =
∞∑

k=0

(nx)k

nk

[
0,

1
n

, . . . ,
k

n
; f

]
.

Proof. We apply Theorem 2.4(b), using for the Szasz’s operator the following formula

(Snf)(x) =
∞∑

k=0

[
0,

1
n

, . . . ,
k

n
; f

]
xk.

Case 2. If we replace a = −1 in (2.1) we obtain the following gamma trans-
form

(Γ̃pf)(x) = (Γ(−1)
p f)(x) =

1
Γ(p)

∫ ∞

0

e−ttp−1f
(px

t

)
dt (2.10)

where Γ is the gamma function (1.1), p > 0, and f ∈ L1,loc(0,∞) such that Γ̃p|f | < ∞.
One observes that Γ̃p is a positive linear functional.

Lemma 2.7. The moment of order k, k ∈ N, k < p, of the functional Γ̃p has the
following value

Γ̃pek(x) =
Γ(p− k)

Γ(p)
(px)k, x > 0.

Proof. It is obtained from Lemma 2.1, for a = −1.
We deduce

(Γ̃pe2)(x) = x2 +
x2

p− 1
; Γ̃p((t− x)2;x) =

x2

p− 1
.

If we put p = n + 1 in (2.9) we obtain the gamma operator introduced and
studied by A. Lupaş and M. Müller [4]

(Gnf)(x) =
1
n!

∫ ∞

0

e−ttnf

(
(n + 1)x

t

)
dt (2.11)

Corollary 2.8.

Gn((t− x)2;x) =
x2

n
.

Proof. It is obtained from Lemma 2.7 for p = n + 1.
Several papers have dealt with these operators: [3], [4], [9].

3. The Gamma second-kind transform

If we choose in (1.3) a = 0 then we obtain the gamma second-kind transform
of a function f

(Γ(b)
p f)(x) =

1
Γ(p)

∫ ∞

0

e−ttp−1f(xe−bt)dt (3.1)

where Γ is the gamma function (1.1), p > 0, and f∈ L1,loc[0,∞) such that Γ(b)
p |f | < ∞.
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We consider here only the case b = 1.

(Γ∗pf)(x) = (Γ(1)
p f)(x) =

1
Γ(p)

∫ ∞

0

e−ttp−1f(xe−t)dt (3.2)

Formula (3.2) is equivalent with (see (1.4))

(Γ∗pf)(x) =
1

Γ(p)

∫ 1

0

lnp−1 1
u

f(ux)du

Clearly, Γ∗p is a positive linear functional.
Lemma 3.1. The moment of order k, k ∈ N, of the functional Γ∗p has the following
value

(Γ∗pek)(x) =
xk

(k + 1)p

Proof. We can write successively

(Γ∗pek)(x) =
1

Γ(p)

∫ ∞

0

e−ttp−1(xe−t)kdt =
xk

Γ(p)

∫ ∞

0

tp−1e−t(k+1)dt =

=
xk

Γ(p)
Γ(p)

(k + 1)p
=

xk

(k + 1)p
.

By using (3.1), for p = α, α > 0 we obtain the positive linear operator

(Aαf)(x) =
1

Γ(α)

∫ ∞

0

e−ttα−1f(xe−t)dt, (3.3)

or equivalent (see (3.2))

(Aαf)(x) =
1

Γ(α)

∫ 1

0

lnα−1 1
t
f(tx)dt. (3.4)

This operator was introduced by the author in [5] and it is strongly related
with Cesaro means of order α (see [5]). This operator is an approximating operator
for α → 0, for example, α = 1/n, n ∈ N.
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[6] V. Miheşan, Properties of weighted means of higher order, Anal. Numer. Theor. Approx.,
24(1995), 187-190.

[7] M. Müller, Die folge der Gamma operatoren, Dissertation, Stuttgart, 1967.

53



VASILE MIHEŞAN
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