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WEAKLY SINGULAR VOLTERRA AND FREDHOLM-VOLTERRA
INTEGRAL EQUATIONS

SZILARD ANDRAS

Dedicated to Professor Gheorghe Micula at his 60™" anniversary

Abstract. Some existence and uniqueness theorems are established for
weakly singular Volterra and Fredholm-Volterra integral equations in
Cla, b]. Our method is based on fixed point theorems which are applied to
the iterated operator and we apply the fiber Picard operator theorem to
establish differentiability with respect to parameter. This method can be
applied only for linear equations because otherwise we can’t compute the
iterated equation.

1. Introduction

The integral equation
u(w) = f(a) + [ Kala,opuls)ds, (1)

with f € Cla, b is weakly singular if there exists Ly € C ([a,b] X [a,b]) and a € (0,1)
such that Ki(z,s) = f;ﬁi‘? V x,s € [a,b] with x # s. In this case the kernel function
K is called weakly singular. The integral equation

T b
u(z) = f(x) +/K1(x,s)u(s)ds+/Kg(:v,s)u(s)ds, (2)

with f € C[a, b] is called weakly singular if at least one of the kernel functions K; and
K is weakly singular. In this paper we give an existence and uniqueness theorem for
the equation 1 by using fixed point approach and we obtain the continuous dependence
and differentiability with respect to a parameter. For equation 2 we study two different
cases, in the first case K is weakly singular and K5 is continuous and in the second
case both kernels are weakly singular. In both cases we obtain existence, uniqueness,
continuous dependence and differentiability with respect to the parameter. We’ll use
the following theorems
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Theorem 1.1. If (X,d) is a complete metric space and T : X — X is an operator
with

d(Tu, Tv) < L-d(u,v) YV u,v € X, where 0 < L < 1,
then

1. T has an unique fixed point u*.

2. The sequence upt1 = Tu,, ¥V n € N is convergent to u* for all ug € X.

3. d(up,u*) < % ~d(u1,ug) Vn €N.
Theorem 1.2. (Fiber Picard operator’s) [8] Let (V,d) be a generalized metric space
with d(vy,v2) € RY, and (W, p) a complete generalized metric space with p(wy,ws) €
R Let A:V XW —V xW be a continuous operator. If we suppose that:

a) A(v,w) = (B(v),C(v,w)) for allv eV and w e W;

b) the operator B : V — V is a weakly Picard operator;

¢) there exists a matriz Q € M,,(Ry) convergent to zero, such that the ope-

rator C(v,-): W — W is a Q contraction for allv €'V,

then the operator A is a weakly Picard operator. Moreover, if B is a Picard operator,
then the operator A is a Picard operator.
Theorem 1.3. If X is a set and T : X — X is a function such that the equation
T"(u) = u has an unique solution u*, than u* is the unique solution of the equation
Tu=u
Theorem 1.4. If (X,d) is a generalized complete metric space and T : X — X is
an operator such that T* is a contraction, then the sequence un41 = Tu, ¥ n € N is
convergent to the unique fized point of T*.

In order to apply these theorems to weakly singular integral equations we
need the following properties of the weakly singular kernels.

Theorem 1.5. If K(z,s) = 222 with 0 < a < 1 and L € C ([a,b]  [a,b]), then

|z —s|*

the operator T : Cla,b] — Cla,b),

(Tu)(z) = /K(a:,s)u(s)ds

is well defined (Tu € C|a,b]).
Proof. If a <z < 2’ < b and §; > 0 we have

T—01
[(Tu)(z") = (Tu)(z)| < / K (2", s) = K(x, 5)[Ju(s)|ds+

3,‘,—61 x
+ / K (2!, 5)|u(s)|ds + / K (2, 8)[u(s)ds+
r—01 T—01

’
x

+ / K (2, 8)||u(s)|ds.

33/—(51
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u € Cla,b], implies that there exists M = max_ |u(s)|.

s€[a,b]
K : [z — 9,0 x [,z — 6] — R is continuous so it is uniform continuous and
YV € > 0 there exists do > 0 such that

K (2", ) — K(,5)| < g5y If [z —2'[ <d2 and s <2 —01.
This implies

26/761
(Tu)(a) ~ (Tu)@)] < 5+ M- [ K s)ldst
rfél
—MJ-/\K@JM+N% /\K@A@u&
$—61 $/—51

if |z — 2’| < d2. On the other hand we have the following inequalities:

z' =81 z' =81

I - ' —§
/|M%$W§P-/AJE7:P._@ 5) '
(z/ — s)> l—a  lz-s
z—01 x—01
P —a —a —a €
:71_a((x/7x+51)1 _— ))§1_a'(2($/*$))l <ﬁT\4
where |2/ — | < d3, and P = ma[mxb} |L(z,s)]|.
x,s€|a,
[ [ ds P z
K <P. = —(z—s)t7@ =
J R B el Ut
x—61 r—01
P pa €
l—-a ! 6 M
for 51 S (54.

’
x

€

P
/ < -« -
[ k@) < s < o

I’*(sl

for §; < 3. From these inequalities we deduce
[(Tu)(2") = (Tu)(z)| <€
if |# — 2’| < min(d1, d2, d3,d4), so the operator T is well defined.
Theorem 1.6. If Ky or Ks is weakly singular kernel, then the operator
T : Cla,b] — Cla,b],
z b
(Tu)(x) = /Kl(x,s)u(s)ds—i—/Kg(a:,s)u(s)ds

a

is well defined (Tu € Cla,b]).
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Proof. As in theorem 1.1 we can prove that the operator T : Cla,b] —
Cla,b),
b

(Tou)(z) = /Kg(x,s)u(s)ds

a
is well defined if K> is a weakly singular kernel, so T is well defined because it is the
sum of two well defined operators .

Theorem 1.7. [6] If K1 and Ky are weakly singular kernels and

P, P
i@, 8) S o K@)l < o=

Shh |z — slg’
where P1, Py e R, 0 < a1 <1, 0< ay <1, then the function

b
m@@:/m@mqmm

satisfies the following conditions:
1. If a1 + g > 1, the function K3(x,s) is a weakly singular kernel and
P
|l‘ _ 5|a1+a2—1’

[ Ks(z, )| <

where P3 € R.
2. If a1 + ag = 1, the function K3(x,s) is continuous for x # s and
|K5(z,s)] < P3+ Pyln |z — s,
where P3, Py € R.
3. If aq + ag < 1, the function K3(z,s) is continuous in D = [a,b] X [a,]].
The proof can be found in [6] at pp. 374. An analogous theorem can be
proved for the Volterra integral operator.

Theorem 1.8. If the functions Ky and Ky are weakly singular kernels and
K <
O

Py

[Ka(x,5)| < @—s)e’

for x > s, then the function
T
Kalo,) = [ Ko, Kat s)de

satisfies the following properties

1. If a1 + as > 1, then K3 is a weakly singular kernel and
P
IKs(@,8)| < et

2. If a1 + ag = 1, then K3 is continuous and |K3(x,s)| < Py.
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3. If a1 + ag < 1, then K3 is continuous and
|K3(x,8)] < Py (x—s)l 71702,

2. The main results

2.1. The Volterra integral equation.
Theorem 2.1. If K(x,s,)\) = L(g(f_z)’:) with L € C ([a,b] X [a,b] X [A1,A2]) and
0 < a < 1, then the equation

u(z) = f(x) —|—/K(x,s,)\)u(s)ds (3)

with f € Cla,b] and A € [A1, A2] has a unique solution in C([a,b]) and this solution can
be obtained by successive approximation. This solution depends continuously on \ and
if K is continuously differentiable with respect to X\, the solution is also continuously
differentiable with respect to \.

Proof. Due to theorem 1.5 the operator
7 Cla] — Clabl, (T)@) = f(a) + [ K5, Nuls)ds

is well defined. Theorem 1.8 implies that there exists n € N* such that the it-
erated kernel K(™ defined by the following relations K™ (z,s, \)=K(z,s, \) and

KU (2, 5,) = [ K(2,t,\) - KW (t,5,\)dt ¥ j > 1 is continuous. But any solution

of the equation 3 satisfies the iterated equation
n—1 xr xr
ww) = J@+ Y [ KOs N1+ [ KOs ulsds. @)
i=1 p

We apply theorem 1.1 to the operator T : Cla,b] — C|a, b]

(Tu)(z) :f(m)+Z_:/K(i)(x,s,/\)f(s)ds+/K(")(a:,s,/\)u(s)ds. (5)

which has a continuous kernel, so by choosing a Bielecki metric in Cla,b] T is a
contraction. This implies that the equation Tu = w has an unique solution u* in
Cla,b]. By the other hand from theorem 1.3 we obtain that u* is the unique solution
of the equation Tw = wu, because T = T("). From theorem 1.4 we deduce that
the sequence of successive approximation wu,y; = Tu, is convergent to u* for every
ug € Cl[a,b]. This implies that equation 3 has an unique continuous solution, and this
can be approximated by successive approximation. By applying the same technique
to the equation

u(w, \) = f(z) + / K (. 5, \u(s, A)ds (6)
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we obtain that «* is the unique solution in C([a,b] X [A1,A2]), so the solution is
depending continuously on the parameter A. To study the differentiability of the
solution we apply theorem 1.2 with the following spaces and operators:

a) V=0C(a,b] x [\1,A2]) and B=T

b) W = C([a,b] x [A1,A2]) and

x

[ (n)
Cv,w)(z,\) = g(z,\) + /K(") (x,8,A) - w(s, \)ds + / oK ~v(s, A)ds

(32

a

n—12z (4)
where g(z, ) = Y [ Maiix’s)f(s)ds
i=1 a
The operator A = (B, C) satisfies the conditions of theorem 1.2 because in C([a, b] x
[A1, X2]) we use a Bielecki metric and K™ is a continuous function. This implies
the uniform convergence of the sequence v,41 = V(v,) to the unique solution u*
of equation 6 and the uniform convergence of the sequence w,11 = C(v,,w,) to a

function w*. If we choose vy € C*[a, b] x [A1, A2] and wy = % due to the operator C'

(which was obtained by a formal differentiation of the operator B)we have w,, = %”;

vV n € N. The Weierstrass’s theorem implies that w* is continuous and w*(z,\) =

w. So the solution u* is continuously differentiable with respect to the parameter

Remark 2.1. We can use a direct proof (without the iterated operators) if we use the
following inequality:

z max - |L(z, s, \)|
[Tula) - Tofa)| < [ 2Eeachunis Ju(s) = v(s)|ds <
|z — s
a
x x P :
T(s—a) d ’ Y ?
< L*|\u—v||~/67d5 < /7‘S . /er(sfa)qu <
x—3s x—3s
(z —s)" (x —s)op
- ((b— a)la-p); 6T(azfa)
o\ l-aep (r-q)n
here a-p<1,+4+1—=1, L*= L(z,s,\)| and
where .- p >t g %se[a,r?,iu)é[)\w\z]\ (z,8,A)] an
[lu— || = max lu(az, \) — v(z, \)| - e 7@,

z€[a,b],AE[A1,A2]
So we can choose T such that the operator T be a contraction with the corresponding
Bielecki metric.
2.2. The Fredholm-Volterra integral equation.

Theorem 2.2. For the equation
b

M@:ﬂ@+/KMWAM®®+/m@@MMWk (7)
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with
L p— K b 7)\
! x,se[a,ir]ly%}é[)‘lv)‘ﬂl l(xs )l
and
. gnz)\ix)\ \ \L($757/\)|
L, — _ eclablichu (b—a)
1—«

where K1, L € C([a,b] X [a,b] X [A1, A2]) and K5 is a weakly singular kernel
(Ky(x,8,\) = 28580 0 < o < 1) the iterated kernels are

Jz—s|® 7

z b
Kr+U@£VM:i/Kﬂ@nAﬂﬁm@ﬁVUﬁ%:/Kﬂ%hAﬂﬁmC%EAWt (8)

and
b

K (2,5,0) = / Ki(w,t, )K" (¢, 5, \dt + / Ks(ar, t, VK (@ t, A)dt - (9)

and the resolvent kernels are

1(x, 8, A) ZKQ)QTS)\ (10)

2(z,8,A) ZK(J)CUS/\ (11)

If Ly and Lo satisfies condition a) orb), there exrist an unique continuous solution to
the equation 7, this solution depends continuously on \ and if the functions Ky and L
are continuously differentiable with respect to A, then the solution is also continuously
differentiable with respect to A. The solution of the equation 7 can be represented in
the form

x

b
u(z) = f(:n)+/R1(x,s,)\)f(s)ds+/Rz(x7s,>\)f(s)ds.

a

The series (10) and (11) are convergent if L1 and Lo satisfy the condition a) or b)

Ly % 2) LLo(b 0:
a) 27L2(b7a)+ € 2 - 1 2( _a)< )

b) pis In gosio) + ( 2O L, - 2) (b—a)LiLs > 0 and
1 1—Ly(b—a)

b ln (b—a)2L1L2 (I—Lg(b ))+
1-— Lg(b — a)
+(b — a)L1L2 <2 — (1)—@)2L1L2) — Ll > 0.

Proof. Due to theorem 1.2 we can apply the same reasoning as in [1] theorem
2.2.
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Remark 2.2. By applying the Fiber Picard operator theorem ([8]) as in [1] we can
prove that the solution is differentiable with respect to the parameter A

Theorem 2.3. If in the equation 7 both kernels are singular, K1(x,s,\) = Lli(fslsai‘)
and Ky (z,5,3) = L2822 with L3, L3 € C([a,b] x [a,0] x [\, Xa]), 0 < a1 < 1,
0 < ap < 1 and the numbers
L = K" (2,5, 12
1 z,se[a,g]l,il)é[/\l,)\zﬁ 1 (3"’37 )| ( )
and
Lo = max |K2(n) (z,8,\)] (13)

x,5€[a,b],\€[A1,A2]

satisfies condition a) or b) from theorem 2.2 then equation 7 has an unique solution in
Cla, bl x [A1,A2]. If in addition the functions L and L% are continuously differentiable
with respect to the parameter X\, the solution is also continuously differentiable with
respect to .

Proof. The iterated equation is

+Z/K(J):Es)\ ds—i—Z/K(J)ms)\ f(s)ds+

x b
"‘/K{n)(xa& A)u(s)ds—}-/Kf")(x, s, Mu(s)ds

where the iterated kernels are defined by the relations 8 and 9. Due to theorem 1.5
and 1.6 the function

. +Z/K(st/\ ds+Z/K<”a:sA F(s)ds

is a continuous function From theorem 1.7 and 1.8 we deduce that if

max (a1, a0) < =1 and max al, 10‘;2 < n than Kf") and KQ(") are continuous

kernels so we can apply theorem 1.2 from [1] (because L; and Lo satisfy a) or b)).
From this theorem we deduce that the equation 7 has an unique solution u* in Cfa, b] x
[A1, A2]. This u* is also the unique solution of the equation 7 because of theorem 1.3
and can be approximated by successive approximation due to theorem 1.4. To study
the differentiability of the solution we apply theorem 1.2 again with the following
spaces and operators:

a) V =C([a,b] x [A1,A2]) and

T b
(Bu)(z) = g1(x, \) + /Kl(n) (z, s, Nu(s)ds + /K{n)(a:,s,)\)u(s)ds
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b) W = C([a,b] x [A1, o)) and

agl (:E7 >‘)

C(v,w)(z,\) = B3\

+ /K{n)(x,s,)\) ~w(s, \)ds+

(n) ’ (n)
K K
+/ 0k, ~v(s, A)ds + /KQ(")(JJ,S,)\) ~w(s, A)ds + 0Ky -v(s, N)ds,

o\ o\
091 (@) " T oKD (2,5,0) nlb 8K(J)(m s A)
where 224520 = FOL ) g 1 S [ AL 1)
j=la j=la

The operator A = (B, C) satisfies the conditions of theorem 1.2 because in C(a, b] x
[A1, X2]) we use a Bielecki metric and K™ is a continuous function. This implies the
uniform convergence of the sequence v,+1 = V(v,,) to the unique solution u* of equa-
tion 7 and the uniform convergence of the sequence w,+1; = C(v,,w,) to a function
w*. If we choose vy € Cla,b] x [A1, A2] and wy = a”” due to the operator C' (which
was obtained by a formal differentiation of the operator B)we have w,, = 8”” VneN.
3u (Jc A) Yo

The Weierstrass’s theorem implies that w* is continuous and w*(z, ) =
the solution v* is continuously differentiable with respect to the parameter )\

Remark 2.3. 1. Conditions 12 and 13 can be transferred inductively to the
original kernels, but the conditions obtained are much more technical.
2. By using the same inequalities as in remark 2.1 we can avoid the use of
the iterated kernels to obtain existence and uniqueness.

References

[1] Andrés, Sz., Fredholm-Volterra equations, 4th Joint Conference on Matematics and
Computer Science, 2001, Felix, Romania.

[2] Anselone, P. M., Nonlinear integral equations, The University of Wisconsin Press, 1964.

3]

3] Chakrabarti, A., Vanden Berge, G., Numerical solution of singular integral equations,
Elsevier Preprint, 2002.

[4] Estrada, R., Kanwal, R. P., Singular integral equations, Birkhauser, 2000.

[5] Fitt, A. D., Stefanidis, V., Film cooling effectivness for subsonic slot injection into a

cross flow.
[6] Tomnescu, D. V., Ecuatii differentiale si integrale, editia a II-a, Ed. Didactica si Peda-
gogica, Bucuresti.

[7] Pogorzelski, W., Integral equations and their applications, Pergamon Press, 1966.
[8] Rus, L. A., Fiber Picard operators and applications, Mathematica, Cluj Napoca, 1999.
[9] Srivastava, H. M., Buschman, R. G., Theory and applications of convolution integral

equations, Klemer Academic Publishers, 1992.
DEPARTMENT OF APPLIED MATHEMATICS, BABES-BOLYAT UNIVERSITY,

CLuJ-Naroca, M. KOGALNICEANU, No. 1, ROMANIA
E-mail address: andrasz@math.ubbcluj.ro

155



