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Abstract. The aim of the paper is to prove the convergence of a Uzawa
type algorithm for a dual mixed variational formulation of a quasi-static
contact problem with friction. This problem is considered as a saddle point
problem which is approximated with the mixed finite element, where the
stress, displacement and tangential displacement on the contact boundary
will be simultaneously computed.

1. Introduction

The quasi-static model of the contact problems with friction, without the
inertia effects, was proposed by [14] and consists of the formulation obtained through
the approximation with finite differences of the variational inequality. The proof of
the existence and uniqueness is based on the hypothesis that the displacements satisfy
some conditions of regularity and the friction coefficient is small enough. The static
contact problem with friction cannot describe the evolutive state of the contact con-
ditions. For of this reason, the quasi-static formulation, of the contact problem with
friction is preferred, which contains a dynamic formulation of the contact conditions
and the inertial term is no longer used. Through the temporal discretization of the
quasi-static contact problem, the so called incremental problem is obtained, equiva-
lent with a sequence of static contact problems. Therefore, the quasi-static problem is
solved step by step, at each time small deformations and displacements are calculated
and are added at those calculated previously, as a result of a few small modifications
of the applied forces, of the contact zone and of the contact conditions. Although, at
each increment the dependence of the load-way is neglected, this hypothesis takes into
account the way the applied forces change (modify themselves). From a mathematical
point view, the problem obtained at each step is similar with a static problem.

This dual mixed variational formulation problem is descretized by the mixed
finite element method and an Uzawa type algorithm is proposed. The iterative for-
mulation of this algorithm is deduced and its convergence is proved.
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The existence of solutions for the discrete problem by the mixed element
method was obtained by Haslinger [7]. The contact problem has been recently studied
by Andersen [11] and Rocca and Cocou [6] who proved that there exists a solution
if the friction coefficient is small enough, and smooth and the contact functional is
regular.

In this article is assumed that normal component of the stress vector and the
contact zone is known.

2. Classical and variational formulation

Let Q ¢ R% d = 2 or 3, the polygonal domain occupied by a linear elastic
body, and its boundary is denoted by I'. Let I';,T's and I'. be three open disjoint
parts of I' such that I' = T; UTo UT,, I'; NT. = @ and mes (I';) > 0. We assume
for the simplicity that I'. is a segment for d = 2 and a polygon for d = 3. We denote

1

by u = (uq,. .., uq) the displacement field, € = (g;;(u)) = B (u;,j +uj;) | the strain
tensor and o = (0;;(u)) = (a;jrer(u)) the stress tensor with the usual summation
convention, where 4,5, k,l = 1,...,d. For the normal and tangential components of

the displacement vector and stress vector, we use the following notation: uy = u;-n;,
Ur =uU—UN N, ON = 04N, (O7); = 0i;n; —0 N -n;, where n = (n;) is the outward
unit normal vector to 9.

Lets us denote by f and h the density of body forces and traction forces,
respectively. We assume that a5, € L>(Q), [ < 14,75, k,1 < d, with usual condition of
symmetry and elasticity, that is

Qijkl = Gjikl = Qklij, | <i,5,k,1<d

Ime >0, V€= (&) €RT, & =&, 1<, 5 < d, agm&ij Eu > mol€]? .
In this conditions, the fourth-order tensor a = (a;;r) is invertible a.e. on Q
and we denote its inverse b = (b;;n1), and €;;(u)) = (bijron(w)), ¢, j,k, 1 =1,...,d.
The classical contact problem with dry friction in elasticity is which the nor-
mal stress on(u) and T, is assumed known, is follows: Find u = u(z,t) such that
u(0,) =u’(-) in Q and all ¢ € [0, 7],

—dive(u) =f, inQ (2.1)

0ij(u) = aijr - e(uw), in Q (2.2)

u=0 onIy (2.3)

oc-n=h onTy (2.4)

uy <0, ony(u) <0, uyon(u) =0 on I'c (2.5)
prlon(@) =t t>0

lor| <t=ar=0; lop|=t=3 A >0, s.t. 4y = —dor on I, (2.6)

where u° is denoted the initial displacement of the body.
Condition (2.6) defines a form of Coulomb’s law of friction for elastostatic
problems: pp is the coefficient of friction up € L (L), pr > po a.e. on L.
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The dual mixed variational formulation of the (2.1) - (2.6) in which stress,
displacement and tangential displacement on contact zone are considerate unknown,
it is shown the saddle-point problem with the form:

Find (o,u,A) € S¢ x V x A for all t € [0,T], such that

L(o,v,pn) < L(o,u,A) < L(T,u,\) V (T,0,p) € So x V x A, (2.7)

where u € W12(0,T;V), 0 € WH2(0,T;S), f € WH2(0,T; [L*(Q)]4),
h € W12(0,T; [L?(T)]4) with supp(h(t)) C Ty for all t € [0, 7).

L(t,v,pu) = Jo(T) — (divr,9)— <, p >r, (2.8)

Jo(r) = § a*(r,7) + (f,dive +) (2.9)
t=prlon)|, and p=|ur|onT, (2.10)

So = {T|Tij,7'ij7j € L*(Q), 7i; = Tji, T-n=0ae. on I‘g} (2.11)
Sy = {r|mij, 7155 € L*(Q), 755 = 7ji, T-n=tae only} (2.12)

S = {T|Tij S L2(Q), Tij = Tji, Tij,j € L2(Q)}

endowed with inner product

0, T)s = 047 Tii dT. 2.13
o 7T
Norm || - ||s is then
Irlls = (r.7)g? (2.14)
and a*(o,7) = / bijri or d . (2.15)
Q

Fg can be regarded as part of I'y where h = 0,

A={p e Hy)*(Te)|u > 0 on T} (2.16)
V={veH(Q)v/T; =0} (2.17)
Hof® (o) = {w € HV(L,)[p™/*p € L*(I.)} . (2.18)

The norm of Héf(I‘C) is defined by

1/2
Be ) (2.19)

where d denotes the distance between the point on I'. and the end point of T, see [4].

oollellsor, = IRl or, + lld /2
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3. The time discretisation and the mixed finite element approximation of
the saddle point problem

Let Q C R? be a bounded and (T}), a triangulation of Q. We assume
that each triangulation is compatible with the partition of I'. i.e. each point where
the boundary condition changes is a node of a set ;, where Q = U;cy, Q;, with
Q.U =2 forall k,l € Jp, k #I.

The finite element approximation to the saddle-point problem (2.7) is as
follow:

Find (0, un,A\r) € S x Vi, x Ay, for all t € [0, 7], such that

L(oh,vh, 1) < L(Gh,un, An) < L(Th,un, An), ¥ (Th,vh,pn) € S§ x Vi, x Ay, (3.1)

where S = So NSy, SP = Sy, A, = M, N A and Sy, V3, M}, are subspaces of finite
elements of S,V and Héf (T'c), respectively. Let S, be RT;, Raviart-Thomas space,
V}, the space of the piecewise constant and M), piecewise continuous linear subspace
of Hég2(Fc), is called the mortar space [10], as well.

We assume that the initial displacement field w satisfies the compatibility
conditions, see ([8]).

The discrete Babuska-Brezzi condition should be satisfied for the dual mixed
finite element method. It means to find an interpolation operator 7, from S to Q",
such that:

b(’T — ’/ThT,’l)h,/\h) =0 (32)

[mntlls < clitlls, VTES, (3.3)

that means, for all 7,7 € S, we have

/ diV(T — 7rh'r)vhdx +/ (TN — WhTN)/l,hdS =0, (V vy, € Vi, pup € Ah) (34)
Q

c

Let
/ diV(T — WhT)vhdx =0, (V vy € Vh) (35)
Q

/ (TN — (TFhTh)N;l,hdS = O7 V[Lh S Ah. (3.6)
e

Because oy (u) on I, is regarded as given, applying Green’s formula to equa-
tion (3.5) in the finite element discrete form, is clear that the elements of subspace
S, satisfies (3.2) and (3.3) and we finally obtain further

[Tnrllor, < lITrllo < llTalls, (VY 7h € Sh). (3.7)

The discretization of the saddle-point of the problem (3.1) by introduce a
partition (¢o, t1,. .., tn) of time interval [0, 7] and consider on incremental formulation
obtained by using the backward finite difference approximation of the time derivative
of u.

If we used uf = up(x,t), Auf = uf ™ — k) Ath = thHL b gy, (1R =
Auf /AL, fF = fn(kAL), b = hy (KAL), of = op(uf), \F = |uk, |, for k=0,1...,N
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T
where At = N
In this case, we find (oF,uf,AF) € 8! x Vj, x A, such that
L(oy, vy ) < Log, up, Ap) < L(Th, i, A, Y (T, 05, ) € S5 x Vi x Ap, (3.8)

k=0,1...,N.

In this mode the quasi-static problem is approximated by a sequence of in-
cremental problems (3.8).

Although, every problem (3.2) is a static one, it requires appropriate updating
of the displacements and the loads after each increment.
The existence of the solution is guaranteed by the discrete Babuska-Brezzi condition
should by satisfied for dual mixed element method, see ([4] and [14]).

4. Convergence analysis of the Uzawa algorithm
On the convergence (see [11]) with the finite element discrete problem (3.1)
is following:
Proposition 4.1. If (o, u¥ A¥) is the saddle-point of the problem (3.8), then
(0 Jolog,up) — (divey,up)— < pp ok |, A} >r, <
< Jo(rf,uf) — (divey,uf)— < pp |th|, Af >r., (V75 € S,
(ii) < pr ]crlfv , R — AR >p (divel + fF ok —uk) <0,
(v ,U,Z € Ay, v’g e Vi)
where A\f = vk, |, pn = [uk,| on T, k=0,1,...,N.

The proof can be deduced directly from the two inequalities showed at (3.8).
Proposition 4.2. The variational problem

(divey + fFvf —uf)+ < pp|ok |, uf — X >r.<0 (Vpp € Apvf € V) (4.1)
18 equivalent to
dive}; + f, = 0. A} = Palpsy, + A}) (4.2)
where Py is the projection operator from L?(T.) to Ay is the convex subset of
HY2(.),p>0, sf = pplok|,k=0,1,...,N.

Proof. The inequation (4.1) is equivalent to
(diveh + f5 uf —vf) + 88 AV —pul >0 >0 (Vuf € Ay, vl € V). (4.3)

Multiplying the inequation (4.3) by p and adding (uf — v¥,uf) to the two sides of
(4.3), we have

(uh —vi, p(divey, + F5) +up)+ < Aj — piy, psi + Xj >r,>
> (u), —vh, ul)+ < Af —ph A >r, - (44)
But P, is a projector operator,
(uj; —vi, p(divey, + £3) +uk) + (X} — piy, Papsy +X5))or, >

k ko, k k E yk
> (up, —vp,up)+ < Ap — py, Ay >r, -
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Hence
(uf — v}, p(divey + £7) + (AF — pk, Pa(psy +A5) = Af)or. > 0. (4.5)

Because V3, and Ay, are convex sets, we can put (0 < a < 1):

v = (1 -a)ul +alp(divel + fF) +uf) } . (46)
pr = (1= )Af + aPy(psy +AF)
Substituting (4.6) in (4.5) yields
o(=p(divey, +f1), p(divey, + £1)) + (A — Palpsh + A1), Palpsh +A3) = Ap)or. >0,
that is equivalent with

allp(divel; + £i)llo.q + alX; — Palesy +X0)llor, <0(0<a<1, p>0),
so we obtain

diveF + ff =0 and A = Py(psk +XF), p>0, k=0,1,...,N.

From this results we can define the following Uzawa algorithm type:
a) Given ull* € Vj,, \P* € Ay, we can define o7'* € S! such that
Jo(oh®) — (divey®, up®)— < spf AF >p <

< JO(TZk) - (div’r?}:k7uzk)+ < tZk7AZk >Fc’ VTZk € Sga (47)

b) Find ugnﬂ)k and A;L"H)k = ’vg,?hﬂ)k‘ by using the following iterative
method:

w"TR — gk, (divelt 4 fF) (4.8)

ATHDE = Py(p s+ ARF), (4.9)

when p,, > 0 is chosen properly, k =0,1,..., N. O

We define the following bounded linear operator: g, : S, — V x L?(T.) by
gT(,Uall') = (diVT,V)—F <$&HM>r., S= MF|0.N(U)|a n= |’UT| .
Proposition 4.3. The operator g, : Sy, — V x L?(T,) is Lipschitz continuous, i.e.

there exists a constant ¢ > 0, such that

lgr(T1) = gr(T2)llvxr2@. <cllTi —Talls, YV T1,72 € Sh,

where || - ||y xr2(r,) denotes the norm of product space V x L*(T';).
Proof is obtained from definition of g, and from (3.7).

Theorem 4.4. There exists the constant ag and oy, with 0 < ag < p, < ay, such

that, the Uzawa type algorithm a)-b), is convergent in sense that of* — a¥ strongly
inS.
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Proof. We denote r7F = ultk —uf 0k = Ak XX "and from (4.7)-(4.9) we can deduce:

(n+1)k| | (n+1)k

|o,Q + s

= Hu}fk—i—pn(dlva + ) —up® — pn(divep® + %) Ho,sﬁ'

||r (n+1)k uh”g o + ||)‘(n+1)k . Ah

o, = Il lor. =
([ Palpasi® + M) = Palpusi® + XPH|[2 1 <
< [+ padiv (@3 = o) o o + la(si® = sh) + AFF = AR5, =
= [[r* o ¢ + 20n(r3E, div(ep® — of)) + o2 ||diviehE — )0 o+
3R o 20n (R 87— shor, + P2 lsRt — shE =
= HTIkHOQ+ Hr;‘kHOP + 200 (%, div(e?* —a¥)) + (r5*, (s7F — sF))or. +
+ p2||div(o" _az)y|§,ﬂ+y|s;; —sh||0$rc. (4.10)

With the Proposition 4.3 and (4.10) can be regarded as positive algebraic
equations with degree two in p, we get

k _nk k nk

alop® — oy, o0 —of) + (r1*, div(sp —sp))+ <r3¥ spF —s) >p <0,

where a is a linear symmetric form a : S x S — R, which with (4.10) implying:
2
[ S P L e [
~2pna(a}t —on, 04 —of) + 207 |0} — ot} <
< o + I8 o, = @on = o2 ok — ks

For this inequation, we suppose 2p, — 2p2 > 3 > 0, and we choose ag =
1—-I-28 1+\/1—2ﬁ
, i =

2

Il +

From (4.11) results that the sequence (H'r”kao 0T H'I‘SkHO r ) is decreasing
) - C n

HrgnJrl)k

such that for p, € [ag, a1], then we have:

("H)kHO,rﬁﬁHU —ofllg < Irtloa + Irs o, (1)

and has a finite limit, so that ﬁ“a}fk — UZH; — 0 for n — oo, and Theorem 4.4 is
proved. O

The solution o of (3.8) is a fixed point of function My, : Sy, — Sh, so that
oF is the limit of a sequence (a7),,, defined by otk = Mhaglnfl)k, (see [13]).
Theorem 4.5. In the conditions of Theorem 4.4, if ag < pn < a1 is true (oy are
chosen according to Theorem 4.4, then for the sequences {uzk}n, {)\Zk}n defined by
(4.8) — (4.9) we have:

a) Jim flu 0 =0, T ] =R

= 0}'

{u"k )\"k} — {up, An} weakly in Vi, x Ap, where {ui,)\i} s such that
ok ul AF is a saddle-point of L(T%, v, uk) on SP x Vi, x Ap,.
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The proof is similar to that of Theorem 4.4, see [3].

5. Conclusions

We have analyzed, with Uzawa type algorithm of dual mixed variational

formulation of the reduced version of a contact problem with friction in which it is
assumed that the normal contact component of stress vector is known. For a more
general contact problem, the existence solution is proved, but in very special cases.

References

1]
2]

3]

132

Brezzi, F., Fortin., M., Mized and Hybrid Finite Element Method, New York, Springer-
Verlag, 1991.

Ciarlet, P.G., The Finite Element Method for Elliptic Problems, Amsterdam, New York,
Oxford, North Holland, 1978.

Glowinski,R., Lions, J., Tremolieres, R., Numerical Analysis of Variational Inequalities,
Amsterdam, New York, Oxford, North Holland, 1981.

Kiruchi, N., Oden, J.T., Contact problem in Elasticity: A Study of Variational Inequal-
ities and Finite Element Method, SIAM Philadelphia, 1988.

Necas, J., Jarusek, J., Haslinger, J., On the solution of the variational inequality to the
Signorini problem with small friction, Boll.Un.Mat.Ital., B(6), 17(1980), pp.796-881.
Rocca, R., Cocou, M., Numerical analysis of quasi-static unilateral contact problems
with local friction, SIAM J. NUMER. ANAL., vol.39, No.4, pp.1324-1342, 2001.
Haslinger, J., Approximation of the Signorini problem with friction obeying the Coulomb
law, Math. Methods Appl. Sci. 5(1983), pp.422-437.

Rocca, R., Cocou, M., Erxistence and approxrimation of a solution to quasi-static Sig-
norini problem with local friction, Internat J. Engrg.Sci. 39(2001), pp. 1253-1258.

Pop, N., On inexact Uzawa methods for saddle point problems arising from contact
problem, Bul.Stiint. Univ. Baia Mare, Ser.B, Matematica-Informatica, Vol.XV, Nr.1-
2(1999), pp.45-54.

Wohlmuth, I.B., Krause, H.R., A multigrid method based on the unconstrained product
space for mortar finite element discretetizations, STAM J NUMER. ANAL. Vol.39, No.1,
pp.192-213(2001).

Wang, G., Wang, L., Uzawa type algorithm based on dual mized variational formulation,
Applied Mathematics and Mechanics, Vol.23, No.7, (2002), pp.765-772.

Anderson, L.E., Approzimation of the Signorini problem with friction obeying the
Coulomb law, Math. Methods Appl. Sci. 5(1983), pp.422-437.

Cocou, M., Ezxistence of solutions of Signorini problems with friction, Int. J. Engrg. Sci.,
22(5), 567-575, 1984.

Klarbring, A., Mikelic, A., Shillor, M., Global existence result for the quasistatic fric-
tional contact problem with normal compliance, In ” Unilateral Problems in Structural
Analysis IV (Capri 1989), 85-111, Birkhauser, 1991

NORTH UNIVERSITY OF BAIA MARE, FACULTY OF SCIENCE,
DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE,
VICTORIEI 76, 4800 BAIA MARE, ROMANIA

E-mail address: nic_pop2002@yahoo.com



