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A CLASS OF EVEN DEGREE SPLINES OBTAINED THROUGH
A MINIMUM CONDITION
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Dedicated to Professor Gheorghe Micula at his 60" anniversary

Abstract. A class of splines minimizing a special functional is investi-
gated. This class is determined by the solution of quadratic programming
problem. Convergence results and some numerical examples are given.

1. Introduction

The construction of splines, verifying minimum conditions has been proposed
among others in [2], [5], [6]. In such papers the splines are interpolating the approxi-
mated function in the nodes and while in [5] the constructive method can be applied,
in theory, for a spline of an arbitrary degree m, minimizing the integral [,[¢'(x)]*dz,
in [2] e [6] a cubic polynomial interpolating splines are considered satisfying some
minimum conditions.

In particular, in [6], the considered splines have been applied for constructing
quadrature sums approximating the Cauchy principal value integrals

I(wf;t) = ]lw(z)@dm (1.1)

-1 r—t
In this paper, utilizing the method proposed in [2], we construct the spline
of even degree minimizing the functional

F()i= [ 179 a)Pds f e W3 (12)
I
where, denoting AC(I) the set of absolute continuous functions on I,
W3(I) = {f I — IR, fOecAC() and f® e LQ(I)} . (1.3)

This class of splines, called interpolating-derivative splines of degree 2m, m > 2, has
been determined in [3] by solving a linear system of m + n + 1 equations, where n
is the number of internal knots of the partition, and then the authors proved that
the constructed spline solves problem (1.2). The convergence is proved by supposing
fewytt,
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In this paper, exploiting the different form that we use for defining the inter-
polating - derivative spline, we can obtain convergence results under weaker conditions
on f, that gives more flexibility in the applications, as for example, when we consider
the numerical evaluation of Cauchy singular integrals [8].

In Section 2 we give the details of the construction of the interpolating-
derivative spline. In Section 3 we give some convergence results. Finally, in Section 4,
some numerical experiments on test functions f are reported. In Appendix we prove
some propositions whose results are necessary for proving theorem 2.5 and proposition
2.7 in Section 2 and theorems 3.2, 3.3 in Section 3.

2. Construction of derivative-interpolating spline
Let m, n > m two given integer positive numbers and Y € IR Y :=
{v0, 91, ---, ¥, } a given vector and

Api={a=z9<z1 <...<2Zp < Tpy1 =0}

a given partition of I = [a,b] in n + 1 subintervals Iy := [zk,zk11), £ = 0,1,...,m,
limiting ourselves, for the sake of simplicity, to consider an uniform partition A,
with h = Ti+1 — X4 , 1= 0, ]., ey N

We denote by IP; the set of polynomials of degree < k. Consider the space
of polynomial splines of degree 2m

| s:is(x) =si(x) € Py, €1, i =0,1,...,n;
Sam(An) = { Disi_1(x;) = DIs;(x;), j=0,1,...2m—1,i=1,2,...,n (2.1)

with simple knots x1, T, ..., 7,,. The space Sa,,(A,) C C?™1(1).
A function sy € So,(Ay) is called derivative-interpolating if

Sf(xo) = Yo, Slf('r’t) = ygv 1= 1727 NS Yo = f (‘TO)7 y; = f(xt) (22)
Limiting ourselves to consider m = 2, if we set

M; = S;Qmil)(xi), 1=0,1,...,n+1,

by successive integrations, we obtain

sp@)ln, = [Mipa(e —2)* = M(x — zi41)*]/(41h)+

tai(zr —2)%/2 + bi(xr —z;) +¢;, i=0,1,...,n (2:3)

By imposing the conditions (2.1) and (2.2), we obtain
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@ = IR, M) i=1,n—1

bo = y| - %Ml —agph

b; = yl— L0 i=1,...n

Co = Yo+ %MO (2.4)
c1 = co+yh— %Ml — h;ao

6 = aa+WAy_DE-EM , i=2..n

M:h = a;—a;_1 i=1,...,n.

Substituting the first equations of (2.4) in the last ones, we obtain a linear
system

AM = b*(ag, an) (2.5)
where

5 1 M,

1 4 1
AV = P M: 5

1 4 1 :
1 5 My

. 6 [ys— 1 Yier — Y Yi— Yia Y — Yn_1
yo= 2 —ag,... - U LN RPN
° Wl n @0; -0 Ty o o

The spline function sy (x) will be determined by solving the following problem

min MT AM
e (2.6)
AM:Q (aOaan)
with M = [My, . M,41]",
r 21 0]
114 1
7 , 2 | el
A= =| e |A e |, (2.7)
1 0 [el ]2
1 411
0 L2 ]
where
4 1
1 4 1
AF = (2.8)
1 4 1
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and ey, e, are the vectors [1,0,...,0]T, [0,0, ..., 1]T respectively.
We can write b* = b — e ao + €,,an, with

Yo—vi Yier— Y Yi— Y1 Y Ynoa

p=0
b=+ LI e PRIy .

and ag = %ao , Up = %an.
Considering that A is a symmetric positive definite and then, non singular
matrix, from (2.5) we get

M = A"b—ejap + e,dn) (2.10)
thus:
. 2 ef 0 . T
min MT AM = min [MOMTMHH] e, A" e, [Moz\ﬂMn+1 . (211)
0 e 2

Using (2.10), the problem amounts to find out firstly the vector
N = [ag, —dn, —Mo, —Mp11]",
solution of the linear system
BN =P (2.12)
where, by setting C = A=1A*A~1,

_| B1 B _[ eCey €] Ce, _
SVEALEE S iR

TA-1 TA-1
ad” e adme | g3
QnA Ql QnA Qn

15 is the second order identity matrix and
~ ~ T
P= [QTC@, enCb, ef A7'b, QZAAQ} : (2.14)

Once determined N, we shall determine s¢(z) by solving the system (2.5).
BefoNre proving the below theorem 2.5, we need to investigate some properties
of matrices A, A~tand C.

Proposition 2.1. The matriz A = (aij)fj—1, is:
(a) symmetric, positive definite;
(b) persymmetric, i.e. Gij = Apn—it1in—j+i, 4,5 = 1,...,1;
(c) totally positive (T.P.), i.e. all the minors are > 0;
)

(d) oscillatory, then all the eigenvalues ofg are distinct, real and positive.

Proof. Tt is straightforward to verify (a), (b), (¢). The property (d) follows by con-
sidering that a non singular T.P. matrix having the entries a;;, # 0, |i — k| < 1 is
oscillatory [4]. O
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Proposition 2.2. The infinitive norm of A! satisfies the following relation
1 ~ 1
< A—1H <= 2.15
5=l =3 215)
Proof. (For the proof, see Appendix). O

Proposition 2.3. The entries al_jl, ji=1..,n ofg_lhcwe decreasing absolute values,
the sign of (—1)7~1, in particular, the following inequalities:

1 _ ~_ 1
5 <ap'=efAle < R (2.16)
1 .
. e 51 if n=2,
lar, | = ’21 A- gn’ < (2.17)
o if n>3
hold.
Proof. (For the proof, see Appendix ). O

Proposition 2.4. Let C = A=YA* A=Y, For the entries c1] = ngC'gl, Clnp = QITC'gn
we have:

O<ecini<1 (2.18)
|C1n| < C11- (219)
Proof. ( For the proof, see Appendix). O

Now we prove the following:
Theorem 2.5. The system (2.12) is determined and the solution is

N = Hg{ﬁ—lg gfﬁ—lg} ByY, 0, or. (2.20)

Proof. Considering that ngZ_lgn = ggg_lgl and for the properties of A~ and the
definition of the symmetric positive matrix A*, one has e Ce,, = el Ce,, (2.11) can

be written in the form
B, By z | |4
AR 221

8

where r
& = [0, ~an], y = [~ Mo, ~Myia], t, =[] Cb, 5 C]" 1y = [ A1, D A1)
Since A*= A — (glg{ + Qngg) , and then, A 1A*A 1= A1 AL (glg{ + gngz) A1
there results
B1 = By (I3 — Bs) (2.22)
ty = (I2 — Ba) by, (2.23)
and the system (2.21) reduces to:

By (I — B2) B
By 21

The system (2.21) has unique solution.

] = [ (I2 = B2ty ] : (2.24)

ty

< |8
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In fact [4], since

By (I — B2) B

23212 = 2[2B2,det 32 212

= det(Bg) det(2]2 - 332)

and using the results of propositions 2.2 and 2.3, it is straightforward to verify that
det(B3) # 0 and det(2Is — 3B3) # 0. From the second equation of (2.24) we obtain
z = By !(t, — 2Iby), and, substituting in the first one, there results:

By (Iz — By) By '(ty — 2y) + Bay = (I — Ba) t,
that implicates

(3By — 2I)y = 0. (2.25)

Therefore we obtain the solution y =0, z = By 122 and theorem 2.5 is proved. O

Corollary 2.6. For the spline sy(x) the following property

My =s$" D (a1) = My = sV (@a) =0 (2.26)

holds.

Proof. Taking into account that, from the relation Bz + 2y = t3, we obtain

My 1 el A~1h
M1 el'A=1p

2

1| efAley —efAle, Qo
2 QZA_lgl —§3;A_1gn an

} . (2.27)

we get the thesis considering the first and the last equation in (2.10), that is:

My || dA || fAle, —efAle, ([ a (2.28)
M, eT A1} eTAle, —elAle, | [ Gn | '

O

From theorem 2.5 and corollary 2.6 we can deduce that, as aspected, the
obtained spline sy(x) reduces to a polynomial of second degree in the subintervals I
and I,,.

Remark 2.1. In [3, theorem 2] the construction of such spline is obtained by solving
a linear system of m +n + 1 equations that can have an increasing condition number
when n increases. Our method is based on the solution of two linear systems, having
matriz A and B respectively. By proposition 2.2, for each n, for the condition number

of g, we have Ko (A) < 3; now we prove the following
Proposition 2.7. For the condition number K, (B) the inequality
4477
Koo (B) < —— ~ 2044, ifn > 3, (2.29)
219
holds.
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_ | B1 B2
Proof. B = { By 2l } , then
g1 | (22— 3B)"" 0 2B;' I,
0 (215 —332)71 —I Iy — By
Let n > 3. Using the results obtained in the propositions 2.3 and 2.4, one obtains
407
B||l. <2 ! 2.
1Bl <2+ ap! + |ag)] < T, (230)
47
IBallo = ati + ’Ch 1| < 180 (2.31)
and )
1Bz oo = == =17 <5
X o' | = o, |
Besides:
187, < @l =387 @Bl +1). (2.32)
(oo}
Using the results in [7], since for all vector z such that ||z[|, =1, one has
47 73
2l — 3B >2-3—=— 2.33
(2 ~3By) ., > 2~ 310 = = (23)
and then 660
B! 2.34
51 < %2 (230
Therefore 107 660
Ko (B) < —— ~2044, ifn>3
B) < 15073 nh=
and we get the thesis. O

3. Convergence results

Consider I = [a,b] and the set W3. In [3] has been proved the following
Theorem 3.1. Let f € W3(I) and let sy be the derivative-interpolating spline, then

22 || f® fk=0
k) _ (k)H <) G Hf l, i , 31
Hf ol =\ conzhr |}f<3 |, k=12, 3.1)
where Cy = \@(b —a) and Cy = V2.
We shall prove a new convergence theorem under weaker hypothesis on function f.
For all g € C (I), we denote by

/.. ! v
wlg'shid) = ww+§rerlI}(§<5<h| g' (@ +0) =g (z)

the modulus of continuity of ¢'.
Supposing f € C1(I), from (2.9), we obtain

12
bl < o (7':h: ) (32)
then, using (2.15), (2.20):

99



GH. MICULA, E. SANTI, AND M. G. CIMORONI

)

llao, anll, < i (f'sh ). (3.3)

and consequently, from (2.10), we obtain:
1Ml = 31| < —w (fshsT). (3.4)

If we consider that f'(x;) =y} and by (2.4):
a; = 7yi+{yi — %(]\414_1 —M;) i=1,..,n—1, wecan write
8
la;| < e (f'sh;I). (3.5)
Therefore,

8

lallo < 5w (505 1) (3.6)

where a = [ag, ay, ..., an}T
Theorem 3.2. Let f € C' (I) and sy (z) the interpolating-derivative spline quoted
in Section 2 for a given partition A,,. Then

w (s h; I) < Cw (f'5h;1) (3.7)
where C' is a constant independent of h.
Proof. Tt suffices to show that for Yu,v € I, u < v :
|8 (v) = & ()| < Cw (fsv—w; ).

Firstly consider u,v € [z;,;41], @ = 0, ..., n; using the mean value theorem,
we can derive:

s (v) = s (u)| = |s7 ()] [v —ul €€ (u,v),

where |v — u| < h.
Since for any £ € (u,v), from (3.3), (3.4), (3.5), there results

s'f’ ({)‘ < %w(f’;h;]) if u,v € [z, 2i41]t, i =1,2,...,n—1 and

S7(©)| < 3o (F5hs ) i 0,0 € [0, 1] 01 0,0 € [, s

recalling that [9], =4 u‘ w(fshI) <2w(f5lv—ul;I), we get

|5 (v) = 87 ()| < Crw ('] —ul; 1), Cy = 58. (3.8)
Ifu € [z, xi41], v € [, 2;41], i+1 < j, then using (3.8) and the smoothness
of modulus of continuity and, since being z;11 and z; internal nodes, s (zi41) =

[ (@iga) s 8y (z5) = ' (25)

s (v) = s ()| < |8} (v) = &5 (25)] + |5} (2) = 8 (wiga)| + |8} (@ig1) — s (u)]
- |S} (U)islf (xj)|+|f/ (xj)*f (Tiq1) |+|$f Tit1) s, u)|
< 201+ VD w(f5lv—ul;I).

This proves the theorem with C' = (2C; +1). O
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Supposing f € C' (1), we define 7 (z) = f (x) — s (z) and 7' (x) = f' (z) —
s’ (), where sy () is the interpolating-derivative spline quoted in Section 2.
For z € I;, + = 0,...,n we can write

vy (@) (@ — ) [zz] iz € I,

(=)= { ' (z) + (x — ;) [zz]r’ fxel,i=1,...,n. (3.9)
where [z;x]r', i = 1,...,n, denotes the first divise difference of r’. Therefore, from
(2.2) and theorem 3.2:

I’ (z)|;, < (C+Dw(f5h1), i=0,1,...,n. (3.10)

We are ready to prove the following convergence result.

Theorem 3.3. Let f € C' (I) and sy (x) the interpolating-derivative spline. There
results
1f = sl < (b—a) (C+Dw (f5h:1). (3.11)

Proof. We can write, for x € I;,, i =0,1,...,n

Ir(z)| = /w:r' (t)dt

< max | (2)| |2 — w0<| < (b= a) (C+ D (F5h 1) (3.12)

and (3.11) is proved. O

We remark that the above theorems hold even when the partition A, is quasi-

uniform, i.e. such that: Oril_a<x hi is bounded for n — oo where h; = z;41 — x; and h
<i<n "

is the norm of the partition. [E.Santi, M.G.Cimoroni: Some new convergence results
and applications of a class of interpolating-derivative splines. In preparation].

We add now a property of the splines considered in this paper. The derivative-
interpolating spline sy (z) defined in (2.3), considering a uniform partition A, re-
produces any f € IP;. In fact, for f = 1,2, 22 it is straightforward to verify that,
b"(ag,an) = M = 0. Therefore the coefficients of sy (z) |7, are:

a; = 0, bz = O, Ci = 1, if f(l‘) = 1,
a;=0,b=1, ¢ =uw; if f(x)=n=x,
a; =2, b; =2x;, ¢; =22, if f(z)=2a?

and thus, forx € I;, i =0,...,n:

sp(z) =1, if - f(z) =1,
sp(x) =(r — ) +2; =z, if f(z) ==z,
sp(e) = 22520 4 9 (v —zi) +a? =2, i f(z) =22

4. Numerical results

We present now, some numerical results obtained by approximating some test
functions by the spline considered in this paper. We denote |r,, ()| = |f (z) — sy (2)]
the error at x obtained by using a uniform partition of the interval [—1,1] in
n + 1 subintervals. In table 1 we report the results relative to a test function
f(z) having only f'(z) € C[—1,1] and considering different uniform partition with
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n = 4,19,39,99. In table 2 we report, for confirming the polynomial reproducibility,
the results relative to a function f(z) € IP; considering a uniform partition with n = 4.
Table 3 contains the results relative to a more regular function f(z) € C*°[—1, 1] with
different uniform partition, taking n = 4,19, 39, 79.

Table 1 Table 2
’ f(x) = sign(x)2?/2 + €* ‘ [ f@)=a"+22—5|
[ x [ Ira(@)[ [ [rio (@)] | [rso ()] [ [roo (x)] | [x_[[ra(2)] \
-1 0.0 0.0 0.0 0.0 -1 0.0
0.6 | 5.1(3) |1.2(4) |14(5) |86 (7 0.6 | 0.0
0.2]1.6(-3) | 1.8(-4) |15 (-5) |86 (-7) 0.2 [ 8.9 (-16)
02 |21 (2) | 1.7(-3) |43 (4) |68 (-5) 0.2 | 1.8 (-15)
06 | 1.7(-2) [ 1.8(-3) [43(4) |6.8(5) 0.6 |8.9(-16)
I [56(3) |25 (-3) |52 (-4) |7.4(-5) 1 [89(-16)
Table 3
! f(z) = 1/(2® + 25) |
’ X \ rq ()] \ rig ()] \ |r39 ()] \ |79 ()] ‘
-1 0.0 0.0 0.0 0.0
0.6 | 1.8(-5) | 3.4 (-7) | 4.4 (-8) | 5.6 (-9)
02| 1.7(-5) |34 (-7) |44 (8) |56 (-9
0.2 | 1.7(-5) | 3.4 (-7) | 4.4 (-8) | 5.6 (-9)
0.6 | 1.8 (-5) | 3.4 (-7) | 44 (-8) |56 (-9)
1 0.0 0.0 3.5 (-17) | 0.0
5. Appendix
Proposition 2.2. The infinitive norm of At satisfies the following relation
1 ~ 1
i e 61

Proof. 1t is straightforward to verify that HZ ’

= 6 and then, being H/T_lH H/T

oo

> 1, we obtain the left inequality in (5.1). For proving that HK*H < %7 we write

oo

A =4I+ H, where
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Thus, for all z : ||z|| = 1, there results

|Az] | = nar+ iyl > 1zl — 12zl > 2.
(o9}

and then [7], (5.1) is proved. O
Proposition 2.3. The entries al_jl, j=1..,n of A have decreasing absolute
values, the sign of (—1)7=1, in particular, the following inequalities:
1 ~ 1
5 <ap =efATe < 7k (5.2)
N &= if n=2,
o) | = |ef A7 e, | < (5.3)
5 if n>3

hold.

Proof. Using the results in [1], for the evaluation of the inverse matrix of a tridiagonal
symmetric matrix, we can write

A = L+ w” (5.4)
and then,
(li_jl = lij + u;v; (55)
where [;; = 0 for ¢ < j.
In our case, there results
Uy = 1, Ug = —5, U; = —4Ui,1 — Uj—2, 1= 3, e n (56)
vi=o Yup_ip, i=1,..,n (5.7)
with a = 5u, + u,_1.The matrix A1 s symmetric and ail = a;ll = a YU, _it1,
a;nl = a:lil =a tu;,i=1,2,...,n.
Therefore, using proposition 2.1 , we deduce that al_ll =a;} =u,/a, al_j1 =
a;}n_jﬂ, j =1,2,...,n are decreasing in absolute value and have the sign of (—1)7~!,

and, in particular, aj;! = 1/a.
15Un+Un_1—Un_1

For proving (5.2) consider that aj]' = wjv1 = u,/a = 5T e =

1 e : e R 1
5 <1 - 571;14-7741_1)’ and then, using (5.6), 0 < 75u:+uj,,_1 = 151:%,41"_21 <3,(53)
follows.
. . . . 1| _ 1
We get the inequality (5.3) considering that |a1n| = 5o 70 and then,
from (5.6), |a1_n1‘ =5 ifn =2, al_nl’ = 55 for n =3, and ‘al_,}} decreases when n

increases. Therefore the proposition is completely proved.

Proposition 2.4. Let C' = A=LA*A=1. For the entries c11 = el Cey, c1n, = el Ce,,
we have:
O<ecini <1 (58)

|Cln| < C11- (59)
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Proof. For n > 3, by (2.22), using (5.2) and (5.3), it is straightforward to verify that

2 2
0<ciy=ap — [(aﬁl) + (ay,)) } < 1and |e1,] = ‘afnl (1- 2af11)| <. O
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