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SCHURER-STANCU TYPE OPERATORS

DAN BARBOSU

Dedicated to Professor Gheorghe Micula at his 60" anniversary

Abstract. Considering two non-negative parameters «,/ which satisfy
0 < a < § and a given non-negative integer p, the Stancu-Schurer type

operators S C(0,1+ p]) — C(]0,1])
S(a,B) o m+p _ k +
(Sm”’ ) () = Zkzo Pm.k(2)f (M+6)

are introduced and some approximation properties of these operators are
studied.

1. Preliminaries

Let p > 0 be a given integer. In 1962, F. Schurer (see ([7])), introduced and
studied the linear positive operator By, , : C([0,1 + p]) — C([0,1]), defined for any
feC(0,1+p]) and any m € N by

(Bunnf) @) = 32 Bron() /) (1)

k=0

where P (z) = (" 7)2"(1 — 2)™ TP~ are the fundamental Schurer polynomials.

Considering the given real parameters «, § which satisfy 0 < a < 3, in 1968,
D.D. Stancu (see ([9])), constructed the linear positive operators pie?) c(0,1]) —

C([0,1]) defined for any f € C([0,1]) and any m € N by

(Pe21) @) = 5, ponto)] (222) (12)

where ppi(z) = (7)2"(1 — )™ " are the fundamental Bernstein polynomials.

Note that for p = 0, the operator (1.1) reduces to the classical Bernstein
operator and for a = 8 = 0, the operator (1.2) reduces also to the classical Bernstein
operator. Follows that the above operators generalize the classical Bernstein operator.
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Let S50 - €([0,1 + p] — C([0,1]) be defined for any f € C([0,1 + p]) and

€N, by:
any m y . _— o
(S5 6) (@) = 320 Bl (m . ﬁ) (1.3)

For a = # = 0 the operator (1.3) reduces to the Schurer operator (1.1) and for p =0,
(1.3) reduces to the Stancu operator (1.2).

In what follows the operator defined by (1.3) will be called Schurer-Stancu
type operator.
The focus of the paper is to investigate approximation properties of operator (1.3).

2. Main results
Lemma 2.1. The Shurer-Stancu operators, defined by (1.3), are linear and positive.
Proof. The assertions follows from definition (1.3). O

Like usually, let us to denote by ey (s) = s¥, k € N the test functions.

Lemma 2.2. For any xz € [0,1 + p] and any m € N the Schurer-Stancu operators
(1.3) verify

(Stedeo) (@) = Sl (1) = 1 (2.1)
Sl ol +
(Sﬁn,’pﬁ)a) (z) := Sﬁnf)(s;m) = Z—i— g[ﬂ + miﬁ (2.2)
(g,(,(:‘,f)ez) (x) = 5,(7;"’}?)(52; x) =
~ g (e P =)+
+ 2amﬂiﬁ;p)x+ 0‘2(5’1;@} (2.3)

Proof. Using the definition (1.3), we get

~ m+p
S (Ga) = Bnk(@) = B (@) = Buyp(liz) = 1,

where we used a well known property of Emyp (see([7])).
Next

~(o¢,ﬂ) . o m+p __ k+0{ o
Sm,p (87'1:) - Zk:o pm’k(x)m—}—ﬁ -

m m+p _ k « mtp
= B Do P g D Pmla) =

m ~ (% ~
(8; x) + mBm’p(l; l’)

But (see ([7])): N
By p(s;x) = (1 + %) z, By p(liz) =1
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We can then conclude that

S0 (siay = " 0

i.e. (2.2) holds.
In a same way, we obtain

2
S(eB) (2. _ m+p _ . k+a _
Smup (s%52) Zk:o pmvk(x) (m—i—ﬂ

m+p _ E\?
:(m+5 { 2y Pl <m) "
+2am Zmﬂ) Pm, k(x a? Zmﬂ) Pm, k(z }

1 53 g ~
:Z%iiﬁf{"mem@%x>+2amBmpwuw+wampuuo}

But (see ([7]))

§m7p(32;x) = mn;i;p {(m+p)2®+2(l -z}

Taking into account of the above equalities, we get

gﬁ,ﬁf)(sz;x) = m {(m +p)2x2 +(m+pz(l—z)+
+  2am migx—F?aQ Wlﬁ—i—a}
1

= CETE {(m+p)*2® + (m+ p)z(l — 2)+

+ fWW+mx+¥@m+m}

m+ m+f
i.e. (2.3) holds and the proof ends.
Lemma 2.3. The operators (1.3) verify
(p=F)* >, m+p
(m+ ) (m+3)?
2a(mp —2m — %) a*(3m+ )
(m+ ) (m+ )

Proof. The linearity of Sm o) (see Lemma 2.1) leads us to

S,(,fif)((el —2)%z) = 5(0‘,’5)(32; x) — 2.1357(37’1)5)(8; x)+

m

SlB) (e — )2 2) = z(1—2)+

+ x255,ﬁf)(1;:c)
Applying next Lemma 2.2, we get (2.4).
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We are now ready to establish an important convergence property of the
sequence {Sﬁf ’f) f } . contained in
€

m

Theorem 2.1. The sequence {g,(ﬁ’f)f} N converges to f, uniformly on [0,1], for
me
any f € C([0,1 +p]).

Proof. Because
_ 2 2 ) _ 132 2
(L0 oty ol 2m0 =), )
m—oc ( (m+0)* (m+p) (m+ ) (m+p)
uniformly on [0, 1], we can apply the well known Bohman-Korovkin Theorem and we
arrive to the desired result. O

x(l—x)+

For evaluating the rate of convergence, we will use the first order modulus of
smoothness (see ([1])). Let us to recall the definition of this modulus.

Definition 2.1. Let f : [a,b] — R be a real valued function,
bounded on [a,b]. The first order modulus of smoothness is the function
w1 : [0, —a] — [0,4+00), defined for any ¢ € [0,b — a] by

wi(f;0) = sup{|f(z) — f(2')] : z,2" € [0,b—al, & — 2’| < 0} (2.5)

It is well known the following result, due to O. Shisha and B. Mond (see([8])).

Theorem 2.2. Let (Ly)men, Lm : C([a,b]) — B([a,b]) be a sequence of linear
positive operators, reproducing the constant functions. For any f € C([a,b]), any
x € [a,b] and any 6 € [0,b — a], the following

(En)@) = F@)] < {1467V Ln(ler = 2)%2) }n (0) (2.6)
holds.

Theorem 2.3. For any f € C([0,1+ p]) and any = € [0,1] the Schurer-Stancu
operators (1.3) verify

(852 1) @) = £(@)] < 201 (Vompasr ) @)

where:

_ (p=p)?  m+p
(Sm,p,oz,ﬂ,x - (m—f—ﬁ)Q + (m+ﬁ)2$(1 —13) +

20(mp — 2mpB3 — %) n a?(3m + B)
(m+pE T (it By

B e [0, vm2+mp ] (2.9)
Proof. Applying Theorem 2.2 and Lemma 2.3, follows
(55 5) @) = f@)] < (1467 Vompasa ) 1(6)

for any 6 > 0. Choosing 6 = \/dm p.a,3,c i the above inequality we arrive to (2.8)
and the proof ends. O

+
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Remark 2.1. In Theorem 2.3 is expressed the order of local approximation of f

by 57(,? P) f. For obtaining the order of global approximation, we must take in (2.8)
the maximum of 6., p ,3,, When 2 € [0,1]. Clearly, this maximum depends of the
relations between «, 3, p.
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