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ON SOME UNIVALENCE CONDITIONS IN THE UNIT DISK

VERONICA NECHITA

Abstract. In this paper we obtain by the method of subordination chains
an univalence criterion for analytic functions defined in the unit disk, which
generalizes a criterion due to D.Răducanu.

1. Introduction

We denote by Ur the disk {z ∈ C : |z| < r}, where 0 < r ≤ 1 and by U = U1

the unit disk of the complex plane C.
Let A denote the class of analytic functions in the unit disk U which satisfy

the conditions f (0) = f ′ (0)− 1 = 0.
Let f and F be analytic functions in U . The function f is said to be subor-

dinate to F , written f ≺ F or f (z) ≺ F (z), if there exists a function w analytic in
U , with w (0) = 0 and |w (z)| ≤ 1, and such that f (z) = F (w (z)). If F is univalent,
then f ≺ F if and only if f (0) = F (0) and f (U) ⊂ F (U).

A function L (z, t), z ∈ U , t ≥ 0 is a subordination chain if L (·, t) is analytic
and univalent in U , for all t ≥ 0, and L (z, s) ≺ L (z, t), when 0 ≤ s ≤ t < ∞.

Theorem 1. [1] Let r ∈ (0, 1] and L : Ur × [0,∞) → C be an analytic function in
the disk Ur, for all t ≥ 0, L (z, t) = a1 (t) z + .... If

(i) L (z, ·) is locally absolutely continuous in [0,∞), locally uniform with re-
spect to Ur,

(ii) there exists a function p (z, t) analytic in U for all t ∈ [0,∞) and mea-
surable in [0,∞) for each z ∈ U , such that Re p (z, t) > 0, for z ∈ U , t ∈ [0,∞),
and

∂L (z, t)
∂t

= z
∂L (z, t)

∂z
p (z, t) ,

for z ∈ Ur, and for almost all t ∈ [0,∞),

(iii) a1 (t) 6= 0, for t ≥ 0, lim
t→∞

|a1 (t)| = ∞ and
{

L (z, t)
a1 (t)

}
t≥0

is a normal

family in Ur,
then for each t ≥ 0, L (z, t) has an analytic and univalent extension in U .
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2. Main Result

Theorem 2. Let f ∈ A be an analytic function in U of the form f (z) = z+a2z
2 + ...

for all z ∈ U , α ∈ C, a ∈ R such that
∣∣∣∣ 2
aα

− 1
∣∣∣∣ ≤ 1 and Re (aα− 1) > 0. If∣∣∣∣∣

(
2

aα
− 1

) [
1− (1− |z|a)

zf ′ (z)
f (z)

]
+ (1− |z|a) z

d

dz

[
log

z( 2
a +1) (f ′ (z))

2
a

(f (z))
2
a +1

]∣∣∣∣∣ ≤ |z|a ,

(1)
for all z ∈ U , then f is univalent in U .

Proof. Let L : U × [0,∞) → C be the function

L (z, t) :=
[
f

(
e−tz

)]
1−α

f
(
e−tz

)
+

(eat − 1) e−tzf ′ (e−tz)

1− (eat − 1)
(

e−tzf ′ (e−tz)
f (e−tz)

− 1
)


α

. (2)

Because f (z) 6= 0 for all z ∈ U\ {0}, the function

f1 (z, t) :=
e−tzf ′ (e−tz)

f (e−tz)
= 1 + ...

is analytic in U . Hence, the function

f2 (z, t) :=
e−tzf ′ (e−tz)

f (e−tz)
− 1 = a2e

−tz + ...

is analytic in U .
It follows from

f3 (z, t) := 1 +
(eat − 1) f1 (z, t)

1− (eat − 1) f2 (z, t)
= eat + ...

that there exists an r ∈ (0, 1] such that f3 is analytic in Ur and f3 (z, t) 6= 0, for all
z ∈ Ur, t ∈ [0,∞).

We choose an analytic branch in Ur of the function

f4 (z, t) := [f3 (z, t)]α = eaαt + ....

We have that

L (z, t) =
[
f

(
e−tz

)]
1−α

f
(
e−tz

)
+

(eat − 1) e−tzf ′ (e−tz)

1− (eat − 1)
(

e−tzf ′ (e−tz)
f (e−tz)

− 1
)


α

(3)

= f
(
e−tz

)
[f4 (z, t)]α = e(aα−1)t + ...

is an analytic function in Ur.
From (3) we have L (z, t) = a1 (t) z + ..., where

a1 (t) = e(aα−1)t,

a1 (t) 6= 0, for all t ∈ [0,∞) and lim
t→∞

|a1 (t)| = lim
t→∞

et Re(aα−1) = ∞.

From (2), by a simple calculation, we obtain

∂L (z, t)
∂t

=
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= e−tzf ′
(
e−tz

) [
f

(
e−tz

)] −α

f
(
e−tz

)
+

(eat − 1) e−tzf ′ (e−tz)

1− (eat − 1)
(

e−tzf ′ (e−tz)
f (e−tz)

− 1
)


α

·

(4)

·

−1 + α

a + (eat − 1)
[
−1 +

e−tzf ′ (e−tz)
f (e−tz)

+
e−tzf ′′ (e−tz)

f ′ (e−tz)

]
1− (eat − 1)

(
e−tzf ′ (e−tz)

f (e−tz)
− 1

)


∂L (z, t)
∂z

=

= e−tzf ′
(
e−tz

) [
f

(
e−tz

)] −α

f
(
e−tz

)
+

(eat − 1) e−tzf ′ (e−tz)

1− (eat − 1)
(

e−tzf ′ (e−tz)
f (e−tz)

− 1
)


α

·

(5)

·

1− α

(eat − 1)
[
−1 +

e−tzf ′ (e−tz)
f (e−tz)

+
e−tzf ′′ (e−tz)

f ′ (e−tz)

]
1− (eat − 1)

(
e−tzf ′ (e−tz)

f (e−tz)
− 1

)


We observe that
∣∣∣∣∂L (z, t)

∂t

∣∣∣∣ is bounded on [0, T ], for any T > 0 fixed and

z ∈ Ur. Therefore, the function L is locally absolutely continuous in [0,∞), locally

uniform with respect to Ur. We also have
∣∣∣∣L (z, t)

a1 (t)

∣∣∣∣ ≤ k, for all z ∈ Ur and t ∈ [0,∞).

Then, by Montel’s Theorem,
{

L (z, t)
a1 (t)

}
t∈[0,∞)

is a normal family in Ur.

Let p : Ur × [0,∞) → C be the function defined by

p (z, t) =

∂L (z, t)
∂t

z
∂L (z, t)

∂z

If the function

w (z, t) =
1− p (z, t)
1 + p (z, t)

=
z
∂L (z, t)

∂z
− ∂L (z, t)

∂t
.

z
∂L (z, t)

∂z
+

∂L (z, t)
∂t

(6)

is analytic in U × [0,∞) and |w (z, t)| < 1, for all z ∈ U and t ≥ 0, then p has an
analytic extension with positive real part in U , for all t ≥ 0.

From (4), (5) and (6) we obtain

w (z, t) =
(

2
aα

− 1
) [

eat −
(
eat − 1

) e−tzf ′ (e−tz)
f (e−tz)

]
+

+
(
eat − 1

) [
2
a

+ 1−
(

2
a

+ 1
)

e−tzf ′ (e−tz)
f (e−tz)

+
2
a

e−tzf ′′ (e−tz)
f ′ (e−tz)

]
.
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We have |w (z, 0)| =
∣∣∣∣ 2
aα

− 1
∣∣∣∣ ≤ 1 for all z ∈ U , with a and α in the conditions

of the theorem. For t > 0, |w (z, t)| < max
|z|=1

|w (z, t)| =
∣∣w (

eiθ, t
)∣∣, where θ ∈ R, so we

have to proove that
∣∣w (

eiθ, t
)∣∣ ≤ 1.

Consider u = e−teiθ, then u ∈ U and |u| = e−t. We have∣∣w (
eiθ, t

)∣∣ =
∣∣∣∣( 2

aα
− 1

) [
1
|u|a

−
(

1
|u|a

− 1
)

uf ′ (u)
f (u)

]
+

(
1
|u|a

− 1
)
·

·
[
2
a

+ 1−
(

2
a

+ 1
)

uf ′ (u)
f (u)

+
2
a

uf ′′ (u)
f ′ (u)

]∣∣∣∣
and from (1) it follows that

∣∣w (
eiθ, t

)∣∣ ≤ 1.
Then, by Theorem 1, the function L is a subordination chain and L (z, 0) =

f (z) is univalent in U . �

Theorem 3. Let f ∈ A be a locally univalent function in U , f (z) = z + a2z
2 + ...

for all z ∈ U , a, α ∈ C such that
∣∣∣∣ 2
aα

− 1
∣∣∣∣ ≤ 1 and Re (aα− 1) > 0. If∣∣∣∣∣

(
2

aα
− 1

) [
1− (1− |z|a)

zf ′ (z)
f (z)

]
+ (1− |z|a) z

d

dz

[
log

z( 2
a +1) (f ′ (z))

2
a

(f (z))
2
a +1

]∣∣∣∣∣ ≤ |z|a ,

for all z ∈ U , where
z( 2

a +1) (f ′ (z))
2
a

(f (z))
2
a +1

denotes the analytic branch of the function,

then f is univalent in U .
Remark 1. For a = 2 we obtain the univalence condition from [3]
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