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ON THE NECESSARY AND SUFFICIENT CONDITION FOR THE
REGULARITY OF A MULTIDIMENSIONAL INTERPOLATION
SCHEME

NICOLAE CRAINIC

Abstract. In this article we will present the necessary and sufficient con-
dition for the regularity of a multidimensional interpolation scheme, in
the case when the interpolation indexes are taken from an arbitrary set S
from N¢. In particular, if the index set S (of the interpolation space Pg)
is inferior with respect to N, we obtain the theorem 3.4.2. from [1]. The

set A from N?, given by the relation (1), together with the proposition 1,
are the key elements that allow us to approach the theorem in a general
context and to give another proof for it, compared of course with the one
given in [1].

Let N? = {i = (i1,42,...,14)/ix > 0,ix € Nk = 1,d}, |i| = iy + iz + ... + i,
and the definitions:
1. We say thati= (i1, ia,...,iq) € N is in the relation “<” withj = (j1, jo, - - -, ja) €
N? and we write i < j when 0 < iy, < ji, for any k =1,d.
2. We say that I € N¢ is a lower set with respect to N if for any i € I and j € N?
so that j < i, we have j € I. In the same manner we can define the inferior set with
respect to any set S C N¢

If A4 C N9,
k k—iy  k—(i1+...4ig_2)

A= U - U {ivyonyign, ke — (i1 4+ ... +i4-1)} (1)

i1=012=0 iq—1=0

we have T)¢ = [Jj_, A%, that is

n ok k—ii  k—(i14..Fig_2)

ri=Ja=JUJ U - U {ivyovyign, b — (i1 + ... +ig-1)}
k=0

k=0i1=0i2=0 ig—1=0
is a lower set with respect to N.

Proposition 1. Any set S from N% can be written in the form

s=1Ja%, (2)
t=1

where k, = Iglea:qu, 0< ks <...<ky, A’it - Azt and Agu t = 1,n, are given by
(1).
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Proposition 2. If P € Ps and S C N? given by (2), then for any x =
(1,22,...,2q4) € R and i = (i1,ia,...,iq) € S C N, we have

n
i i i i i i
P(x) = g airiay ... xy = E Py, (x), P, (x) = E airixy ...z, t=1,n
ies t=1 ieAlg
t

The o = (a1, g, .., aq) € S C N order derivatives of P are:

aa1+a2+.-.+ad

(a5} a9 (e %)
0x{" 0ry? ... 0xy

P(x) =

77! 19! id! i1—a,la—an td—q
= E Q5= " e T x X ...
ieS,a<i i —an)! (iz —a2)! T (ig — aa)! T ’ T

and those of those of Py, are:

Hartazt..+og okt

Py, (x) = Py, (x) =
o1 a2 d t _ kt— _ t
5331 3332 .. .8xd 8$?18$32 o 3333111615; (1 +as+..4+ag_1)

=oqlagl . cagoallke — (g Fag + ...+ ag_1)]! Aoy qg,... a1,k — (01 +on+...+aa_1)>

for any x = (z1, 29, ...,24) € R%.
In what follows, whenever we write S we will denote an arbitrary set from

N<. By extending from a set I inferior with respect to N? (see also [1]) to an arbitrary
set S from N?, we define the following notions.

Definition 1. A polinomial multidimensional interpolation scheme (E,Ps) consists
of:
(a) A set of nodes Z = {xg}y1 = {(Tq1,Tq2,- - ,xq7d)};":1 from R?

(b) An interpolation space

Ps = {P/P(x) = Zaixilx? ...xfi‘i, a; €R, x = (z1,22,...,74) € Rd} ,
ies
which is the space of the d variables polinomes with real coefficients where
S is an arbitrary subset of N¢, and
(c) An incidence matric E = (eg.a), 1 <q¢<m, aa € S, where eqq =0 or 1.
The interpolation problem associated with (E,Pg) consists of find-
ing the polinomes P € Pg, that would satisfy the equations

O™ +az+...+aq

Oz 9x5® ... Oy Plxa) = g ®)

for any ¢ = 1,m and o = (a1, a,...,04) € S with €40, = 1 where ¢y q
are arbitrary real constants
The (3) equations make up a system of linear equations whose unknowns
are the real coefficients of the polinome P. The matrix M(E,Z) of this sys-
tem is at the same time the matrix of the interpolation scheme (E,Pg), and it is
called Vandermonde matriz. If M(E,Z) is a square matrix, then its determinant,
det M(E,Z) = D(E, Z), is the determinant of the system (3), and of the interpola-
tion scheme (E,Ps), and it is called Vandermonde determinant.
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If in definition 1 we consider that S is a set I inferior with respect to N¢,
then, according to [1], (E,Pr) is a Birkhoff interpolation scheme, the E matrix is
the Birkhoff incidence matriz, and the interpolation polynom P is a Birkhoff poli-
nome. Also, according to [1], by various particularisations of the Birkhoff interpola~
tion scheme, we obtain the Lagrange, Hermite, Taylor and Abel interpolation schemes,
with their corresponding incidence matrices and interpolation polinomes.

Definition 2. Let S be a set from N and (E,Ps) the corresponding multidimen-
stonal interpolation scheme. We say that E = (eqq) is an Abel incidence matriz,
if for any @ € S, eqa = 1 for exactly one ¢ € 1,m. The scheme, the polinome
and the interpolation problem corresponding to the Abel incidence matriz, are called
Abel interpolation scheme, Abel interpolation polinome, respectively Abel interpolation
problem.

Definition 3. The multidimensional interpolation scheme (E,Pg) is called normal
Zf |E| = dimPs.

Because in the present article we will work only with normal interpolation
schemes, from now on, whenever we discuss an interpolation scheme, we will consider
it normal.

Definition 4. We say that an interpolation scheme (E,Pg) is
(a) singular, if D(E,Z) =0 for any choice of the set of nodes Z,
(b) regular, if D(E, Z) # 0 for any choice of the set of nodes Z and
(¢) almost regular, if D(E, Z) # 0 for almost all choices of the set of nodes Z.

Definition 5. Two interpolation schemes are equivalent when the systems of their
interpolation problems are equivalent.

Theorem 1. The interpolation scheme (E,Pg) is reqular if and only if it is equivalent
with an Abel interpolation scheme.

Proof. If E is a Abel matrix and if the order of the coefficients of the interpolation
polinome and the order of the derivatives from the interpolation system are those
which correspond to the order of the elements of the set S, then the matrix of the
interpolation system is superior triangular. If not, by switching lines or (and) columns
in M(E, Z), we can obtain what we have previously shown, and thus it follows that
the new determinant is different from the previous one only through its sign. It follows
that the determinant of this matrix is:

ds =+ [] o!
aES
where a! = aglas!. .. ay!. It follows that dg # 0, and as a result (E, Pg) is regular.
Conversely, we assume that (E,Pg) is regular and let P be the solution of
the interpolation problem of this interpolation scheme, where:

P(x) = P(x1,22,...,2q4) = Zaixilx? .l
ieS
for any x = (z1,72,...,74) € R? and a; € R? (real constants, since the given scheme
is regular).
With the same F and Pg we show that we have @ € Pg (by construction) for

which (E,Pg) is Abel, and the two interpolation systems (of the regular scheme and
of the Abel scheme) are equivalent having the same solutions: the a; € R. For this we
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consider the next regrouping S = (J;_, 4’ it of all indexes of the polinome coefficients

P, with 0 <k <ky <...<kn, ky = max|i|, A'{, C AL and A% | t = T n, given
= ¢ ¢ t

by (1) (their existence is ensured by proposition 1). Let be:

Q(x) = Q(z1,22,. .., Zb zha
ies

Z Qk, (%), Qr, (x Z bixlz2 ..
t=1 ies

We will determine b; so that (E,Pg) is Abel and b; = a;, for any i € S. For
the beginning let be the system:
i

i! 14q: o
bi ghron | glasod — ¢ 4
leszc:ml i —an)! " (ig — ag)! ! a,d 3, (4)

with ¢ € 1,m and ey, = 1 for any a € S and

= {Xq} L ={(2g1, 24,2 'xq,d)}zlzl C R%

d .
For o = (a1,0z,...,04-1,kn — (1 + a2 + ...+ ag-1)) € A} and a < i,
ie A/Zn. In this case the system (4) is equivalent with
i1! iq! i -
E b T T = ¢, g
i1 —aq)! i —aq )L q,d g0
ieAd a<i (i ) (fa = aa)

that is, according to proposition 2, equivalent with the system

arlas!. .. adfll[kn - (al toazt+...+ ad*1>]! bal7012,~»-7ad—11kn7(0¢1+062+--~+ad—1) = Cg,a
We consider in what follows

- def
Cq,a = Cay,az,...,aq-1,kn—(1+az+...+ag—1) =

= al!agl - Ozdfl![kn — (a1 + o+ ...+ Oédfl)“ Qo an,.eog—1,kn— (a1 +ao+..dag_1)-

It follows that

boéhaz, w@g_1,kn—(a1tast..taa—1) = Gar,as,...,aq-1,kn—(@1+az+...tag_1)s
/d
for any o = (al,ag,...,ad_l,kn —(+as+...+aq1)) € 4, from where we
have
dlm PA/Z =

= ’{a S (Ozl,OéQ,...7Ozd,1,]€n - (Oq + oo + ...+Ozd,1)) S A/Zn}’ = ‘Alin‘

(each derivative a € A’ i" of @ is interpolated only once), and
Z bzl . al = Z a2l = Py (x)
ieard ieard
Ifae A’inil, and a <1i, thenie A’d UA’k , and the system (4) becomes

successively
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| P ) .
by “ L T T — ¢
E i e e =Cqa
icard  uAd a<i (i1 —a)! (ia — ag)!" ! ad e
Fn—1 kp T =

11! ) ol ) .

g b T
o (i —an)t (la— )t " -

ieA’y 71,a§1

7:1! Zd' Z‘lfal id_ad
+ g b; — — [T Tg1 e Tgg ¢ = Coan
(i1 —aq)! (ig — aa)!
icAd a<i
k,n/7 —
We take now
def ’L1' Zd' P P
Cpo = E a;— Rz 'lel al...xf]ddo‘d—i—
(i1 —aq)! (lg—ag)! © ’

€A a<i

+0411042! e Oédfl![knfl - (0[1 +as+.. .+Oéd71>}! aal,ag,,..,ad,l,kn_l—(a1+a2+...+ad,1)'

(forie A’Zn, b; = a;) and considering the proposition 2, we obtain the system

arlag! . oagallkn—1 — (@t oo+ o+ @i—1)] oy an,aa 1 ko1 — (a1 +ast . +ag_1) =

=oa1las!. .. ad_ll[kn_l—(Oél—FOlz—F. . .—|—Ozd_1)}! Gayas,...,cq-1,kn-1—(o1+as+...4ag_1)
that is
ba17a2,~~7ad—1ykn—l_(al+a2+~~+0¢d—l) = Qay,a,...,aq-1,kn—1—(c1taz+...+aqg_1)

for any a = (a1, 2,...,q-1,kn-1 — (a1 + o+ ... + @g-1)) € A'g
It follows that

n—1"

dim PA/ﬁ ==

n—1

d d
= {a = (ahag,. e g 1, kn_1 — (O[l +oag+...+ Ozdfl)) S A/knfl}‘ = }A%nil

(each derivative a € A’ Zn of @ is interpolated only once), respectively

-1

Qk, ,(x) = Z bzl .. 2l = Z ey . .af =Py, (%)

icArd icArd
n—1 n—1

Continuing in the same manner, we obtain that for ac € A’ ﬁ ,» the system (4)

is successively equivalent with

ir! id! 11— 1g—Qq
E bi— T T M w = egan
(i1 —aq)! (ig — ag)! '
ieA’glu...uA’g",agi
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1! 1q! fr— P
b; TR e
> b (i1 —a)! " (ia — ag)! @ Tgd T

€A a<i
+ b il! id! i1—ay ld—Qd __
i .. T, "'xq,d —cq,a

BIPIR  W ErYy B R A
L kXS

In this final system we take

i 54!

n
def ir! iq! - .
Cia = E g a;— e — 1,;11 R A
(i1 —a)! " (g —ag)! @ e
u=2ieA’} a<i

+ 041!042! .. .ad_ll[k‘l — (041 +ao+ ...+ ad_l)]! Qo an,..oig—1,k1— (a1 +om+..ag_1)-
. d d
(fOI‘ 1€ A,kz u...u A/kn’ bi = ai).
It follows that in this case we have also
ba17a2;~~7ad—1;k1_(a1+a2+~~+0¢d—1) = Qay,aa,...,aq-1,k1— (@14+az+...4ag—1)
d
for any a = (a1, 00, ...,aq-1,k1 — (1 + a2 +... + ag_1)) € 4%, and thus
dlm PA/d =
51

d d
= ‘{Oﬁ = (al,a27...,ad,17k1 - (a1 + o +...+C¥d,1)) S Alkl}‘ = ‘A/kl

)

(each derivative a € A’ il of @ is interpolated only once), respectively

Q, (x) = Z bzl .. 2l = Z a2 = Py (x)

ieard ieard
In the end, it follows that
Y dimPyg =S| = dimPs,
=1 !
and . .
Qx) = Qk(x) =D Py (x) = P(x)
t=1 t=1

is the solution of the interpolation problem of the Abel scheme (FE, Pg) (each derivative
a € S of @ is interpolated only once). It follows, according to definition 5, that
(F,Pg) is equivalent to an Abel interpolation scheme q.e.d.
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