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APPPROXIMATION OF BIVARIATE FUNCTIONS BY MEANS
OF THE OPERATORS Sﬁ‘l’ffi“’b
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Dedicated to Professor D.D. Stancu on his 75" birthday

Abstract. By starting from the Steffensen theta operator 0%? defined at
(2.1), one constructs the bivariate operator given at (2.2), which depends
on the parameters «, 3, a,b. In the case 3 = b = 0 one obtains the Stancu
operators Sy,%,, investigated anterior in the paper [10]. In the case oo =
a = 0 we get a bivariate operator of Cheney-Sharma. For the remainder of
the approximation formula (3.1) we present three representations: (3.2),
(3.3) and (3.4). In the final part of the paper we give estimations of the
order of approximation of a bivariate function f by means of the operators

introduced at (2.2).

1. Introduction

It is known that the omega operators 2, considered in 1902 by Jensen [3],

include the shift operator E®, defined by (E*f)(x) = f(z + a), the central mean

p(ez)erfe-2)

An operator T which commutes with all shift operators is called a shift

operator u, defined by

(unf)(x) =

|~

and the integration operator.

invariant operator, that is TE® = ET.

A special case of an omega operator is represented by the theta operator 6,
introduced in 1927 in his book [11] by J.F. Steffensen. Such an operator is sometime
called delta operator and is denoted by @ in the book of F.B. Hildebrand [2],
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published in 1956. This last term was used very often by specialists in umbral
calculus: G.-C. Rota [6], S. Roman [5] and others.

A theta operator 0 is a shift-invariant operator for which fe; is a con-
stant different from zero, where e;(t) = t.

Typical examples of theta operators are represented by the forward, back-
ward and central differences operators Ay, Vy,, 0, as well as by the prederivative
operator Dy = Ay /h. We consider that Dy is the derivative operator D.

Another, very interesting example is represented by the Abel operator A, =

DE® = E*D, which in the case of p,,(z;a) = x(x — ma)™ ! leads to the formula:
Agpm(z;0) = ma(z — (m — 1)a)™ 2.

It is known that a 6 operator can be expressed as a power series in the
derivative operator.

One can see that: (i) for every theta operator 6§ we have 6¢ = 0, where ¢ is a
constant; (ii) if p,, is a polynomial of degree m, then 0p,, is of degree m — 1. This is
the reason that the 8 operators are called reductive operators.

A sequence of polynomials (p,,) is called by I.M. Sheffer [7] and Gian-Carlo
Rota [6], as well by his collaborators, the sequence of basic polynomials if we have:
po(z) = 1, pn(0) = 0 (m > 1), Op,, = mpym—1. These polynomials were called
by Steffensen [12] poweroids, considering that they represent an extension of the
mathematical notion of power.

It is easy to see that: (i) if (p,,) is a basic sequence of polynomials for a theta
operator, then it is a basic sequence; (ii) if (p,,) is a sequence of basic polynomials,
then it is a basic sequence for a theta operator.

By induction can be proved that every theta operator has a unique sequence
of basic polynomials associated with it.

J.F. Steffensen [12] observed that the property of the polynomial sequence
em(x) = ™ to be of binomial type, can be extended to any sequence of basic poly-
nomials associated to a theta operator.

Hlustrative examples: (i) if 0 is the derivative operator D, then p,,(z) = a™;

(ii) if 0 is the prederivative operator Dj, = Ay /h, then we obtain the factorial power:

pm(z) = 2™ = g(x —h)...(x — (m — 1)h).
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2. Use of the Steffensen theta operator #%° for construction the approxi-

mating operators Sﬁ‘;ﬁja’b

Now let us consider the theta operator of Steffensen [12]:

1
6P = ~[1- E~%|E”, (2.1)

where o and 3 are nonnegative parameters.

In this case the basic polynomials are

(w0, B) = i’ (2) = a(z + a+ mB)mhel = (z +mp)m el

T+ mp
These are polynomials of binomial type.

By using them we can give a generalized Abel-Jensen combinatorial formula
(z+y)(x+y+mp)m=t=el =
= Z ( ) oz +a+ k3 (y + ot (m = kgl
Selectlng y =1 — x we can write the identity

(14 a+mg)m=t—a =

_i( > x—!—a—l—kﬂ)[k 1—04]( —x)(l—I+a+(m_k)ﬂ)[m—171€,,a]'

k=0

We introduce the polynomials pf‘nﬁk (x), defined by the relation

1+a+ mﬂ)[mfl’fo‘]p%’i(x) =

Ms

< > (z+a+kB)F 11 —2)1 -2+ a+ (m — k)g)m—1=k=al,
k=0

Let f be a real-valued bivariate function defined on the square D = [0, 1] x

[0, 1].
We define the bivariate operator S,?‘Lﬁ“’b by means of the formula
s =3 Yt ms (5.2). 22)
k=0 j=0
where

n - j—1,—a . n—1-—j,—a
(1+a+nb)"=hmlgh % (y) = <j)y(y+a+3b)“ bl (1—y) (1—y+at(n—j)b)ln 'l

Now we present two special cases of this operator:
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(i) In the case 8 = b =0 we have

(Sgna;L Zzpmk qn] ).f (;ai) )

k=0 j=0
where
pis() = ()b i aimel,
dts) = (7)ol - e e,
’ J
The approximation properties of this operator have been studied in the paper
[10].
(ii) If & = a = 0 we obtain
J
(mnf xyﬁa Zzpmk:ﬂﬁQn,j(y7 )f< > )a
k=0 j=0
where
(’Z)m +EB)E Y1~z 4 (m — k)B)™
pch(l'; ﬂ) = (1 + mﬁ)m_l
and
()t o= =
n,j(y; b) = :

(14 nb)n—1
This operator represents an extension to two variables of the second

operator of Cheney-Sharma [1].

We can see that

(Sm,neo,O)(‘T,y) =1, (Sm,nel,O)(xvy) =

(Smmneo,1)(®,y) =y, (Smnei1)(w,y)=zy.

For €3 0(z,y) = 22 and eg2(z,y) = y* we have
(Sm,ne2,0) (2, y) = (Sme2)(2),

(Sm,neO,Q)(xa y) = (SnGQ)(y)

and we can write [1]:

lim (Spe)(z) =22,  lim (Spex)(y) = 42,

m— 00 n—oo
uniformly on the interval [0, 1].
According to the bivariate criterion of Bohman-Korovkin, we can state
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Theorem 2.1. If f € C(D) and o = a(m) — 0, mB(m) — 0 for m — oo,

while b = b(n) — 0 and nB(n) — 0 when n — oo, then we have

im  (Spmnf)(z,y) = f(z,y),

m,n— o0
uniformly on the square D.
3. Evaluation of the remainder

Since the approximation formula

Flx,y) = (SR ), y) + (BR5 f)(@,y) 3.1

has the degree of exactness (1,1), by applying an extension of the Peano theorem (see
[8]) we are able to find an integral representation of the remainder.

We now formulate

Theorem 3.1. If f € C?2(D), then we can give the following integral

representation for the remainder of formula (3.1):
(R 5 ) (,y) = (3.2)

1 1
- / o (:2) O (8, y)dt + / HO (2, 9) O (2, 2)dz—

0 0

1 1
- / / GO () B (2, ) F22) (1, 2)dtd,
0 0

where

Gl (t,x) = (R0, ) (8),

Hy'(2,y) = (R, (2),
with

1 1
pelt) = glr—t+ o=t 9y(2) = 5l = +ly 2]
and the use of the notation
r+s
Fs) (g, ) = IS0 0) 8uféz;”) (r,s=0,1,2).

Proof. Formula (3.2) can be obtained if we use a representation of Peano-
Milne type, given in the paper [8], for the remainder of a bivariate linear approxima-
tion formula having a certain degree of exactness.
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r—1 r
If we assume that x € [7 ] , we can give for the Peano kernel G (t, z)
m - m

the following expression

i=1 - .
k t1—1 1
o, :
=S t— ) ot L
P k() < m) ! < ’m}

3P (t2) =

- k T
E a,B :
_ 2 pm,k(ﬂf) (m — t) lf t € _l', Ei|

m r- .

k i—1 i

_E:p%<m—t> if te m}
k=1

m
(r<i<m)

The dual Peano kernel H%?(z,v) has a similar expression.

If we take into account that on the square D we have G%P(t,x) < 0 and
H%*(z,y) < 0, we can apply the first law of the mean to the integrals and we find
that

(R0 ) (,y) =

1 1
= f(z’o)(ﬁ,y)/ G2 (¢, z)dt + [ (ffﬂ?)/ Hyb(z,y)dz—
0 0

2| [ 1 Gy | [ 1 H )]

0
where £ and 7 are certain points from the interval (0, 1).

It is easy to see that we have

1
1
| Gt = 5 (rPesn) @)
0

1

1

| H Gz = 5 (Beoz) o),
0

where R%F and R%" are the univariate remainders:

RGP =1 8%P R =T 852P,

Now we can state the following
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Corollary 3.1. If f € C?2(D), then the remainder of the approzimation

formula (3.1) can be represented under the following Cauchy form
(R 5 ) (,y) = (3.3)
PN el (2,0) Loab (0,2)
= S(RSPe) (@) [ 206, y) + 5 (RePes) O z,m)~

— (RS ea) () (RS ea) () F 22 (€.

Because (S%Pf)(z) and (S&Pf)(y) are interpolatory at both sides of the
interval [0,1], we can conclude that (R%%es)(x) contains the factor z(z — 1), while
(R%be5)(y) has the factor y(y — 1).

Since R%Pey = 0, R%%¢y = 0 and the remainder is different from zero for any
convex function f of the first order, we can apply a criterion of T. Popoviciu [4] and
we find that the remainder is of simple form. Consequently we can state the following

Theorem 3.2. If the second-order divided differences of the function f are
bounded on the square D, we can give an expression of the remainder of the formula

(3.1) in terms of divided differences
(R%’,ﬁnja’bf)(xv y) = (Rz{ﬁGZ,O)(x)[xm,h Tm,2, Tm,3; f(tv y)] =

+(R?L’b60,2)(y)[yn,la Yn,2,Yn,3;5 f(xa Z)]i

Tm,1yLm,2; Tm,3

—(R%Peq0)(z) (R en 2) (y) s f(t2)], (3.4)

Yn,15,Yn,2;Yn,3
Where T 1, Tm,2, Tm.3; Yn.,1, Yn,2, Yn,3 Gre certain points in the interval [0,1].
If we apply the mean-value theorem to the divided differences, we arrive at
the Corollary 3.1.

4. Estimation of the order of approximation

We will use the bivariate modulus of continuity

w(f;01,02) = sup{|f(z,y) — f(@",y)| : |w—a| <o, |y —y'| <2},

where (x,y) and (2/,y") are points of the square D and d1,d2 € R;.
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Because the constants are reproduced by our operator and p%i(w) > 0,

qfll;(y) > 0, when z,y € [0,1], we can write

If(x,y) - (Sﬁ’ﬂ;a’bf)(% y)| <

<D i@ w) ’f(:v,y) —f (m, i) ‘ .
k=0 j=0

By using a basic property of the modulus of continuity, we can write

|f(@,y) = (S5 )@ y)l <

1 & AN i\’
, b .
< 1+5?Zp:1i(33) <$_m> +5§Zq2,j(y) (y_n> w(f;61,02).
§=0
Since our partial operators are interpolatory in 0 and 1, we can write

s (-2 ) = (Se)e) - 2 = ~(Ryen) @) = )
k=0

A8,

m m

By selecting

51=CMW, 52=d\/w (C>0,d>0),

|f(x,y) = (Sl (@, y)| <

< {1+ %A%”GJr 1233’1’} w (f;C\/x(l x)’d\/y(l y)) .
c a m n

If we choose ¢ = d = 2 and take into consideration that ¢(1 —¢) <

we get

on [0,1],

1=

we can state
Theorem 4.1. The order of approximation of the function f € C(D) is
evaluated by the following inequality
I - ssessl < |14 g + 529w (5 oz 2 ).

m’ Vn
1 1
where A%P = o () , B3 =0 ()
m n

In the particular case « = 3 = a = b = 0, we obtain the inequality

3 1 1
I = Buaf1 < 5o (1= 72 ).

corresponding to the approximation by the bidimensional Bernstein polynomial B, ,,.
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