
STUDIA UNIV. “BABEŞ–BOLYAI”, MATHEMATICA, Volume XLVII, Number 3, September 2002

MAXIMAL SETS ON A HYPERSPHERE

VASILE POP

Abstract. It is studied the problem of the maximum number of points

situated on a hypersphere of radius 1 with the property that the distances

between any two points is at least r. It is solved the case r =
√

2.

1. Introduction

The goal of this paper is to find the maximum number of points of hyper-

sphere, such that the distances between every two points is great that a given number.

The solution of the problem in the general case is very difficult. we solved the problem

in a remarcable particular case.

Let Sn = {(x1, . . . , xn) ∈ Rn| x2
1 + · · · + x2

n = 1} be the unit sphere in Rn.

For every real number r ∈ [0, 2] we define the natural numbers N(n, r) and N(n, r)

by: N(n, r) is the maximum number of elements of a set M ⊆ Sn−1 with the property

that the distance d(A,B) between every two points A,B ∈ M satisfies the relation

d(A,B) > r.

N(n, r) is the maximum numbers of elements of a set M ⊆ Sn−1 with the

property d(A,B) ≥ r for every A,B ∈ M .

We think that the determination of a general expression for the functions

N,N : N∗ × [0, 2] → N is not possible. We solve the problem for r =
√

2. The

following properties of N and N are easy to verify.

1. N(n, r) ≤ N(n, r);

2. N(n, r) ≤ N(n + 1, r);

3. N(n, r) ≤ N(n + 1, r);

4. N(n, r1) ≤ N(n, r2) for n1 > n2;

5. N(n, r1) ≤ N(n, r2) for r1 > r2;

6. N(1, r) = 2 for r ∈ [0, 2).
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7. N(1, 2) = 0;

8. N(1, r) = 2;

9. N(2, r) =

 π

arcsin
r

2

;

10. N(2, r) = N(2, r), if
π

arcsin
r

2

6∈ N;

11. N(2, r) = N(2, r)− 1, if
π

arcsin
r

2

∈ N;

12. N(n, 2) = 0, N(n, 2) = 2.

Theorem 1. For every natural number n ≥ 1 we have

N(n,
√

2) = n + 1 and N(n,
√

2) = 2n.

Proof. The distance between the points X = (x1, . . . , xn) and Y =

(y1, . . . , yn) is:

d2(X, Y ) =
n∑

k=1

(xk − yk)2.

We have

d(X, Y ) >
√

2 ⇔ d2(X, Y ) > 2

⇔
n∑

k=1

x2
k +

n∑
k=1

y2
k + 2

n∑
k=1

xkyk > 2

⇔
n∑

k=1

xkyk < 0 (1)

Taking account of the symmetry of the sphere, we can suppose that

A1 = (−1, 0, . . . , 0).

For X = A1, condition (1) for implies y1 > 0, ∀ Y ∈ Mn.

Let X = (x1, X), Y = (y1, Y ) ∈ Mn \ {A1}, X,Y ∈ Rn−1.

We have
n∑

k=1

xkyk < 0 ⇒ x1y1 +
n−1∑
k=1

xkyk < 0 ⇔
n−1∑
k=1

x′ky′k < 0,

where

x′k =
xk√∑

x2
k

, y′k =
yk√∑

y2
k

,
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therefore

(x′1, . . . , x
′
n−1), (y

′
1, . . . , y

′
n−1) ∈ Sn−2

and verify condition (1).

If an is the search number of points in Rn, we obtain an ≤ 1 + an−1 and

a1 = 2 implies that an ≤ n + 1.

We show that an = n+1, giving an example of a set Mn with (n+1) elements

satisfying the conditions of the problem.

A1 = (−1, 0, 0, 0, . . . , 0, 0)

A2 =
(

1
n

,−c1, 0, 0, . . . , 0, 0
)

A3 =
(

1
n

,
1

n− 1
c1,−c2, 0, . . . , 0, 0

)
A4 =

(
1
n

,
1

n− 1
c1,

1
n− 1

c2,−c3, . . . , 0, 0
)

An−1 =
(

1
n

,
1

n− 1
c1,

1
n− 2

c2,
1

n− 3
c3, . . . ,−cn−2, 0

)
An =

(
1
n

,
1

n− 1
c1,

1
n− 2

c2,
1

n− 3
c3, . . . ,

1
2
cn−2,−cn−1

)
An+1 =

(
1
n

,
1

n− 1
c1,

1
n− 2

c2,
1

n− 3
c3, . . . ,

1
2
cn−2, cn−1

)
where

ck =

√(
1 +

1
n

) (
1− 1

n− k + 1

)
, k = 1, n− 1.

We have
n∑

k=1

xkyk = − 1
n

< 0 and
n∑

k=1

x2
k = 1, ∀ X, Y ∈ {A1, . . . , An+1}.

This points are on the unit sphere in Rn and the distance between any two

points are equal to

d =
√

2

√
1 +

1
n

>
√

2.

Remark. For n = 2 the points form an equilateral triangle in the unit circle;

for n = 3 the four points from a regular tetrahedron and in Rn the points from an n

dimensional regular simplex.

For the function N we have N(1,
√

2) = 2.

(M = {−1, 1}, N = (2,
√

2) = 4), (M = {(−1, 0), (1, 0), (0,−1), (0, 1)})
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By induction, intersecting the hypersphere Sn from Rn+1 with the hyperplane

xn+1 = 0 we obtain the hypersphere Sn, which contains a maximal set with 2n points

and considering the points (0, . . . , 0,−1) and (0, . . . , 0, 1) on Sn we obtain a maximal

set with 2(n + 1) points, hence N(n + 1,
√

2) = 2(n + 1).

We remark that a maximal set for N(n,
√

2) is

M = {(1, 0, . . . , 0), (0, 1, 0, . . . , 0), . . . , (0, . . . , 0, 1), (−1, 0, . . . , 0),

(0,−1, 0, . . . , 0), . . . , (0, . . . , 0,−1)}

with n distances equal with 2 and the rest of C2
2n − n = 2n(n − 1) distances equal

with
√

2.

It is known that every real euclidean n-dimensional space is isomorphic with

Rn and we can transpose the results by the isomorphism.

If (V, 〈·, ·〉) is an real euclidean space, by the theorem 1, we have the following

consequences.

Proposition 1. If the dimension of V is n, then for any (n+2) vectors with

norm 1, there exists two with the distances is at most
√

2.

Proposition 2. If the dimension of V is n, then for any (n + 2) nonzero

vectors there exists two vectors with an acute angle(
d(X, Y ) ≤

√
2, ‖X‖ = ‖Y ‖ = 1 ⇔ 〈X, Y 〉 ≥ 0 ⇔ X̂, Y ≤ π

2

)
Proposition 3. If in euclidean space V there exists a set of (n + 1) vectors

{X1, . . . , Xn, Xn+1} with the property 〈Xi, Xj〉 < 0, for any i 6= j, i, j = 1, n, then

the dimension of V is dim V ≥ n.

2. Applications

Problem 1. Let n ∈ N∗ be a natural number. Find all m ∈ N∗ so that there

exists a matrix A ∈ M(m,n)(R) with the property that all elements of the matrix

A ·At, outside the main diagonal to be negative numbers.

Solution. Denote by L1, . . . , Lm ∈ Rn the lines of matrix A. The element

bij of the matrix B = A ·At is the inner product 〈Li, Lj〉, so the condition is that for

i 6= j to have 〈Li, Lj〉 < 0. From proposition 3 we obtain m ≤ n + 1.
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Problem 2. If {P1, . . . , Pn, Pn+1} is a set of polynomials with real coefficients

so that: ∫ 1

0

Pi(x)Pj(x)dx < 0, for any i 6= j,

then at least one polynomial has the degree at least (n− 1).

Solution. Denote by V the real vector space generated by the polynomials

P1, . . . , Pn, Pn+1, and on V define the inner product

〈f, g〉 =
∫ 1

0

f(x)g(x)dx.

Using the proposition 3, it result that dim V ≥ n. If degPk < n − 1 for all

k = 1, n + 1, then V is a subspace in the space of polynomials with degree ≤ n − 2,

with the dimension (n− 1). We obtain the contradiction n ≤ n− 1.

Problem 3. Show that the inequalities

a1a2 + b1b2 < 0

a1a3 + b1b3 < 0

a1a4 + b1b4 < 0

a2a3 + b2b3 < 0

a2a4 + b2b4 < 0

a3a4 + b3b4 < 0

does not hold simultaneously.

Solution. In euclidean plane R2 consider the points Ai(ai, bi), i = 1, 4. The

condition aiaj +bibj < 0 is equivalent with the angle ÂiOAj >
π

2
, which is impossible

for every i 6= j.

Remark. Another remarkable value for r is r = 1. We have not succeed to

find N(n, 1) but we suppose that N(n, 1) = n(n + 1).
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