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MAXIMAL SETS ON A HYPERSPHERE

VASILE POP

Abstract. It is studied the problem of the maximum number of points
situated on a hypersphere of radius 1 with the property that the distances

between any two points is at least 7. It is solved the case r = v/2.

1. Introduction

The goal of this paper is to find the maximum number of points of hyper-
sphere, such that the distances between every two points is great that a given number.
The solution of the problem in the general case is very difficult. we solved the problem
in a remarcable particular case.

Let S, = {(z1,...,7,) € R"| 22 + - + 22 = 1} be the unit sphere in R".
For every real number 7 € [0,2] we define the natural numbers N(n,r) and N(n,7)
by: N(n,r) is the maximum number of elements of a set M C S,,_1 with the property
that the distance d(A, B) between every two points A, B € M satisfies the relation
d(A,B) >r.

N(n,r) is the maximum numbers of elements of a set M C S,,_; with the
property d(A, B) > r for every A, B € M.

We think that the determination of a general expression for the functions
N,N : N* x [0,2] — N is not possible. We solve the problem for r = /2. The
following properties of N and N are easy to verify.

1. N(n,r) < N(n,r);

2. N(n,r) < N(n+1,r);
3. N(n,7) < N(n+1,r);
4. N(n,r
5. N(
6. N(

3

) < N(n,ry) for ny > ng;
) < N(n,ry) for 71 > ro;
,7)=2for r €[0,2).
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7. N(1,2) = 0;
8. N(1,r)=12;
9. N(2,7) = LT ;
arcsin —
— 2 T
10. N(2,7) = N(2,r), if —F Z N;
arcsin —
_ 27r
11. N(2,7) = N(2,r) — 1, if — €N;
arcsin§

12. N(n,2) =0, N(n,2) = 2.

Theorem 1. For every natural number n > 1 we have

N(n,v2) =n+1 and N(n,v/2) = 2n.

Proof. The distance between the points X = (z1,...,2z,) and ¥ =
(Y1, ..., yn) is:

d2(X, Y) = E (l‘k — yk)Q.
k=1
We have

dX,Y)>V2 e d(X,Y)>2
& in + Zyi +2Zxky;c > 2
k=1 k=1 k=1

= Zxkyk <0 (1)
k=1

Taking account of the symmetry of the sphere, we can suppose that

Ay = (-1,0,...,0).

For X = Ay, condition (1) for implies y; >0, VY € M,.
Let X = (l‘l,Y), Y = (yl,Y) e M, \ {A1}7 Y,Y e R 1,

We have
n n—1 n—1
Zxkyk <0=z191 + Zf;@k <0& Zx;y; <0,
k=1 k=1 k=1

where
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therefore
/ / / /
($17 ceey $n,1)7 (yla e 7yn71) € SH*Q
and verify condition (1).

If a, is the search number of points in R"™, we obtain a,, < 1+ a,_1 and

a1 = 2 implies that a,, <n + 1.

We show that a,, = n+1, giving an example of a set M,, with (n+1) elements

satisfying the conditions of the problem.

Ay = (—1,0,0,0,...,0,0)

1
AQ = <,—Cl,0,0,...,0,0>
n

1 1
A3<, 61762,0,...,0,())
nn—1
1 1 1
A4: ) C1, 627_C3a"'a0a0
nn—1""n-1
1 1 1 1
An— = ) ) ) a"'a_n—70
! <n n—1Vn—2%n-3% n=2 )
L (L 1 1 1 1
n — n’nf1017717262’7173037“.’26n727 C’I’L*l

2

1 1 -
o ¢<+n>( i) T

We have
n 1 n
=——<0and =1, VX, Ye{A, .. ., A1}
kz_:ll‘kyk " ehtl ;xk { 1 +1}

A 11 1 1 1
n =\ C1, C2, C35-++y 5Cn—2,Cn—
+1 n n—ll n_22n_33 2 1

where

This points are on the unit sphere in R™ and the distance between any two

points are equal to
1
d=vV24/1+—> V2.
n

Remark. For n = 2 the points form an equilateral triangle in the unit circle;
for n = 3 the four points from a regular tetrahedron and in R™ the points from an n

dimensional regular simplex.

For the function N we have N(1,v/2) = 2.

(M = {_17 1}7 N = (27 \/5) = 4)’ (M = {(_170)7 (1’0)’ (07 _1)’ (07 1)})
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By induction, intersecting the hypersphere S,, from R"*! with the hyperplane
ZTpy1 = 0 we obtain the hypersphere S,,, which contains a maximal set with 2n points
and considering the points (0,...,0,—1) and (0,...,0,1) on S,, we obtain a maximal
set with 2(n + 1) points, hence N(n + 1,v/2) = 2(n + 1).

We remark that a maximal set for N(n,/2) is

M ={(1,0,...,0),(0,1,0,...,0),...,(0,...,0,1),(~1,0,...,0),

(0,—1,0,...,0),...,(0,...,0,—1)}

with n distances equal with 2 and the rest of C2, — n = 2n(n — 1) distances equal
with v/2.

It is known that every real euclidean n-dimensional space is isomorphic with
R™ and we can transpose the results by the isomorphism.

If (V, (-,)) is an real euclidean space, by the theorem 1, we have the following
consequences.

Proposition 1. If the dimension of V is n, then for any (n + 2) vectors with
norm 1, there exists two with the distances is at most V2.

Proposition 2. If the dimension of V' is n, then for any (n + 2) nonzero

vectors there exists two vectors with an acute angle

(A7) V2 X =Y =1& (X)) 20 XY < 7)

[\

Proposition 3. If in euclidean space V there exists a set of (n + 1) vectors
{X1,..., Xy, Xpy1} with the property (X;, X;) < 0, for any ¢ # j, i,j = 1,n, then

the dimension of V is dimV > n.

2. Applications

Problem 1. Let n € N* be a natural number. Find all m € N* so that there
exists a matrix A € M(m,n)(R) with the property that all elements of the matrix
A - A, outside the main diagonal to be negative numbers.

Solution. Denote by Li,..., L, € R™ the lines of matrix A. The element
b;j of the matrix B = A- A" is the inner product (L;, L;), so the condition is that for
i # j to have (L;, L;) < 0. From proposition 3 we obtain m <n+ 1.
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Problem 2. If {P,..., P,, P,+1} is aset of polynomials with real coefficients
so that: .
/ P;(z)P;(x)dx < 0, for any i # 7,
then at least one polynon?ial has the degree at least (n — 1).
Solution. Denote by V the real vector space generated by the polynomials

Py, ..., Py, P,y1, and on V define the inner product

(f.g) = /0 F(@)g()da.

Using the proposition 3, it result that dim V' > n. If degP, < n — 1 for all
k=1,n+1, then V is a subspace in the space of polynomials with degree < n — 2,
with the dimension (n — 1). We obtain the contradiction n <n — 1.

Problem 3. Show that the inequalities
aras + biby <0

aiaz + b1bs <0

arag +b1by <0

asas + bobs < 0

asaq + boby <0

asayg + b3by <0
does not hold simultaneously.

Solution. In euclidean plane R? consider the points A;(a;,b;), i = 1,4. The
condition a;a; +b;b; < 0 is equivalent with the angle Wj > g, which is impossible
for every i # j.

Remark. Another remarkable value for r is » = 1. We have not succeed to
find N(n,1) but we suppose that N(n,1) = n(n + 1).
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