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CUBATURE FORMULAS ON TRIANGLE

MILENA SOLOMON

Abstract. In this article are presented some cubature formulas on triangle

T which are obtained by the product of known quadrature formulas and

some formulas obtaining by an approximation formula on triangle.

1. Introduction

Let T = {(x, y) ∈ R2| x ≥ 0, y ≥ 0, x + y ≤ 1} the standard triangle from

the Euclidean space R2, f : T → R an integrable function on T , λif , i = 0,m, some

given information of f and w a nonnegative weight function on T1.

Definition 1. The formula∫∫
T

w(x, y)f(x, y)dxdy =
m∑

i=0

Aiλif + Rm(f) (1)

is called a cubature formula. The parameters Ai, i = 0,m, are the coefficients and

Rm(f) is the remainder term.

A way to construct cubature formulas on T is to use the quadrature formulas

which are known from unidimensional case.

2. Cubature formulas

Consider

I(f) =
∫∫

T

f(x, y)dxdy =
∫ 1

0

∫ 1−x

0

f(x, y)dxdy. (2)

An efficient way to construct cubature formulas is to use the quadrature

formulas after the integral (2) was transformed into integral on D = [0, 1]× [0, 1].

Thus, we introduce the substitution y = t(1− x) and yields

I(f) =
∫ 1

0

(1− x)
(∫ 1

0

f(x, t(1− x))dt

)
dx. (3)
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In order to compute the integral on [0, 1] × [0, 1], it can be use the product

of two quadrature formulas, for example:∫ 1

0

g(t)dt =
nt∑

i=1

Tig(ti) + R(g),

where R(g) = 0, ∀ g ∈ Pdt and∫ 1

0

(1− x)g(x)dx =
nx∑
j=1

Aj(1− xj)g(xj) + R(g),

where R(g) = 0, ∀ g ∈ Pdx
.

Thus, we obtained an approximation on the form:

Q(f) =
nx∑
i=1

nx∑
j=1

AjTi(1− xj)f(xj , ti(1− xj)). (4)

For example, if we use the Simpson’s rule:∫ 1

0

g(t)dt ≈ 1
6

[
g(0) + 4g

(
1
2

)
+ g(1)

]
it is obtained∫ 1

0

f(x, t(1− x))dt =
1
6

[
f(x, 0) + 4f

(
x,

1− x

2

)
+ f(x, 1− x)

]
+ R1(f)

and the Simpson’s rule again∫ 1

0

(1− x)
1
6

[
f(x, 0) + 4f

(
x,

1− x

2

)
+ f(x, 1− x)

]
dx =

=
1
6

[∫ 1

0

(1− x)f(x, 0)dx + 4
∫ 1

0

(1− x)f
(

x,
1− x

2

)
dx +

∫ 1

0

(1− x)f(x, 1− x)dx

]
=

=
1
36

[
f(0, 0) + 2f

(
1
2
, 0

)]
+

4
36

[
f

(
0,

1
2

)
+ 4f

(
1
2
,
1
4

)]
+

+
1
36

[
f(0, 1) + 2f

(
1
2
,
1
2

)]
+ R(f)

it follows

Theorem 1. If f ∈ B12(0, 0), then∫∫
T

f(x, y)dxdy =
1
36

[f(0, 0) + f(0, 1)] +
1
18

[
f

(
1
2
, 0

)
+ 2f

(
0,

1
2

)]
+

+
2
9
f

(
1
2
,
1
4

)
+

1
18

f

(
1
2
,
1
2

)
+ R(f) (5)
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where

R(f) =
1

720
f (3,0)(ξ1, 0) +

1
32

f (2,1)(ξ2, 0)− 25
576

f (0,3)(0, η1)−
7

192
f (1,2)(ξ2, η2)

with ξ1, ξ2, η1 ∈ [0, 1] and (ξ3, η3) ∈ T1.

If we use the first level, trapezoidal’s quadrature∫ 1

0

g(t)dt =
1
2
[g(0) + g(1)]− 1

2
g′′(ξ)

it is obtained: ∫ 1

0

f(x, t(1− x))dt ' 1
2
[f(x, 0) + f(x, 1− x)]

and, in the second level, the Simpson’s quadrature:∫ 1

0

g(t)dt =
1
6

[
g(0) + 4g

(
1
2

)
+ g(1)

]
− 1

2880
f (4)(ξ)

⇒
∫ 1

0

1− x

2
[f(x, 0) + f(x, 1− x)]dx =

1
12

[f(0, 0) + f(0, 1)+

+4
[
f

(
1
2
, 0

)
+ f

(
1
2
,
1
2

)]
+ f(1, 0) + f(1, 0)

]
+ R(f)

Thus

Theorem 2. If f ∈ B12(0, 0), then:∫∫
T

f(x, y)dxdy =
1
12

f(0, 0) +
1
12

f(0, 1) +
1
3
f

(
1
2
, 0

)
+

+
1
3
f

(
1
2
,
1
2

)
+

1
6
f(1, 0) + R(f) (6)

where

R(f) = − 1
30

f (3,0)(ξ1, 0)− 1
16

f (2,1)(ξ2, 0)− 1
18

f (0,3)(0, η1)−
13
240

f (1,2))(ξ3, η3)

with ξ1, ξ2, η1 ∈ [0, 1] and (ξ3, η3) ∈ T1.

Another way to obtain the cubature formulas is to start from an approxima-

tion formula on T1.

Let B1 be the Birkhoff’s operator:

(B1f)(x, y) = f(1− y, y) + (x + y − 1)f (1,0)(0, y)

which generates the approximation formula

f = B1f + Rf.
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After integration on T it is obtained:∫∫
T

f(x, y)dxdy =
∫ 1

0

(1− y)f(1− y, y)dy − 1
2

∫ 1

0

(y − 1)2f (1,0)(0, y)dy.

Applying to each integrals the Simpson’s quadrature, it is obtained:∫ 1

0

(1− y)f(1− y, y)dy ' 1
6
f(1, 0) +

1
3
f

(
1
2
,
1
2

)
∫ 1

0

(1− y)2f (1,0)(0, y)dy ' 1
6

[
f (1,0)(0, 0) + f (1,0)

(
0,

1
2

)]
.

It follows:

Theorem 3. If f ∈ B11(0, 0), then:∫∫
T

f(x, y)dxdy =
1
6

[
f(1, 0) + 2f

(
1
2
,
1
2

)]
−

− 1
12

[
f (1,0)(1, 0) + f (1,0)

(
0,

1
2

)]
+ R(f) (7)

where:

R(f) = − 1
12

f (2,0)(ξ, 0), ξ ∈ [0, 1].

Starting from Lagrange’s operator:

(L1f)(x, y) =
1− x− y

1− y
f(0, y) +

x

1− y
f(1− y, y)

and Hermite operator

(H2f)(x, y) =
(1− x− y)(1− x + y)

(1− x)2
f(x, 0)+

+
y(1− x− y)

1− x
f (0,1)(x, 0) +

y2

(1− x)2
f(x, 1− x)

one obtains an interpolation formula

f = L1H2f + R12f

where

(L1H2f)(x, y) = (1 + y)(1− x− y)f(0, 0) + x(1− x− y)f (0,1)(0, 0)+

+
y2(1− x− y)

1− y
f(0, 1) +

x

1− y
f(1− y, y).
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After integration on T , one obtain:∫∫
T

f(x, y)dxdy = f(0, 0)
∫ 1

0

∫ 1−x

0

(1 + y)(1− x− y)dxdy+

+f (0,1)(0, 0)
∫ 1

0

∫ 1−x

0

x(1− x− y)dxdy + f(0, 1)
∫ 1

0

∫ 1−x

0

y2(1− x− y)
1− y

dxdy+

+
∫ 1

0

∫ 1−x

0

x

1− y
f(1− y, y)dxdy =

=
5
24

f(0, 0) +
1
24

f (0,1)(0, 0) +
1
24

f(0, 1) +
∫ 1

0

∫ 1−x

0

x

1− y
f(1− y, y)dxdy.

In order to compute the integral
∫ 1

0

∫ 1−x

0

x

1− y
f(1− y, y)dxdy, we use the

following cubature formulas:∫∫
T

f(x, y)dxdy =
1
6

[
g

(
1
2
, 0

)
+ g

(
0,

1
2

)
+ g

(
1
2
,
1
2

)]
+ R(f)

and we obtain∫ 1

0

∫ 1

0

x

1− y
f(1− y, y)dxdy ' 1

12
f(1, 0) +

1
6
f

(
1
2
,
1
2

)
.

Thus, we arrive at the following result:

Theorem 4. If f ∈ B11(0, 0), then:∫∫
T

f(x, y)dxdy =
5
24

f(0, 0) +
1
24

f (0,1)(0, 0) +
1
12

f(0, 1) +
1
6
f

(
1
2
,
1
2

)
+ R(f) (8)

where:

R(f) = − 1
24

f (2,0)(ξ, 0), ξ ∈ [0, 1].
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