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PICARD PAIRS AND WEAKLY PICARD PAIRS OF OPERATORS

ALINA SINTAMARIAN

Abstract. The purpose of this paper is to introduce the notions of Pi-
card pair, c-Picard pair, weakly Picard pair and c-weakly Picard pair of
operators and to present examples for these notions. We also study the
data dependence of the common fixed points set of c-weakly Picard pairs

of operators.

1. Introduction
Let (X, d) be a metric space. Further on we shall need the following notations
PX):={Y[0#Y CX}
Py(X)={Y |Y e P(X)and Y is a closed set }

and the following functionals
D:P(X)xP(X)—Ry, D(A,B)=inf { d(a,b) |a€ A, be B },

H:P(X)x P(X)—RyU{+}, H(A,B) = max { sup D(a, B), sup D(b, A) } .
acA beB
Let f1, f2 : X — X be two operators. We denote by G, the graph of fi, by

F¢, the fixed points set of fi and by (CF)y, ¢, the common fixed points set of f; and
Ja.

The purpose of this paper is to study the following problems:
Problem 1.1. Let (X,d) be a metric space and f1, fo : X — X be two operators.
Determine the metric conditions which imply that (f1, f2) is a (weakly) Picard pair
of operators or (and) f1, fa are (weakly) Picard operators.
Problem 1.2. Let (X,d) be a metric space and fi, f2,91,92 : X — X be four
operators such that (CF)y, t,,(CF)g, 4, # 0. We suppose that there exists n > 0 with
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the property that for each x € X, there are iy, j, € {1,2} so that d(fi,(x), g;,(x)) < n.
In these conditions estimate the Pompeiu-Hausdorff distance H((CF)¢, ¢,,(CF)g, q,)-
Throughout the paper we follow the terminology and the notations from Rus

[7], [8] and Rus-Muregan [9], [10].
2. Picard pairs and weakly Picard pairs of operators

Definition 2.1. [Rus [6], [7], [8]] Let (X, d) be a metric space. An operator f : X — X
is a Picard operator (briefly P. o.) iff there exists x* € X such that Fy = {z*} and
(f™(x0))nen converges to x*, for all xg € X.

Let (X,d) be a metric space. We say that a P. o. f: X — X is a ¢-Picard

operator (¢ € [0, +0o0]) (briefly ¢-P. o.) iff the following condition is satisfied
d(z,z*) < cd(z, f(z)),

for each € X, where x* is the unique fixed point of f.
Definition 2.2. [Rus [6], [7], [8]] Let (X, d) be a metric space. An operator f : X — X
is a weakly Picard operator (briefly w. P. 0.) iff for each xg € X, the sequence
(f™(x0))nen converges and its limit is a fixed point of f.

For examples of P. 0. and w. P. o. see for instance Rus [6], [7], [8].

Let (X,d) be a metric space and f: X — X be a w. P. o.. We consider the

operator f> : X — FY, defined as follows

fZ(x) = lim f"(z),

n—00
for each z € X.

Definition 2.3. [Rus-Muresan [10]] Let (X,d) be a metric space and f : X — X be
a w. P. o.. We say that f is a c-weakly Picard operator (c € [0,4o00[) (briefly c-w.
P. 0.) iff the following condition is satisfied

d(z, f*(2)) < ¢ d(z, f(2)),

for each z € X.

Examples of c-w. P. o. are given in Rus-Muregan [10].
Definition 2.4. Let (X, d) be a metric space and f1, fo : X — X be two operators.
We say that the pair of operators (f1, f2) is a Picard pair of operators (briefly P. p.
o.) iff there exists 2* € X such that (CF)y, , = {z*} and for each x € X and for
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every y € {f1(z), fa(x)}, the sequence (xn)nen defined as follows: zg = x, ©1 =y
and Ton—1 = fi(Tan—2), Tan = fj(@an—1), for each n € N*, where i,j € {1,2}, with
i # j, converges to x*.

The sequence (Tn)nen 18, by definition, a sequence of successive approxima-
tions for the pair (f1, f2), starting from (zq,z1).
Definition 2.5. Let (X,d) be a metric space and fi, fo : X — X be two operators
which form a P. p. o.. We say that (f1, f2) is a c-Picard pair of operators (¢ €
[0, +o0[) (briefly c-P. p. 0.) iff the following condition is satisfied

d(z,z*) < c d(z,y),

for each (z,y) € Gy, UGy,, where x* is the unique common fized point of f1 and fo.
Definition 2.6. Let (X, d) be a metric space and f1, fo : X — X be two operators.
We say that the pair of operators (f1, f2) is a weakly Picard pair of operators (briefly
w. P.p. o) iff for each x € X and for every y € {fi(x), f2(x)}, there exists a
sequence (y)nen such that:
(i) zo =, 1 = y;
(ii) xopn—1 = fi(xan—2) and xo, = fj(x2n_1), for each n € N*, where i,j €
(1,2}, with i # j;
(iii) the sequence (x,)nen @8 convergent and its limit is a common fized point
of f1 and fo.
Definition 2.7. Let (X,d) be a metric space and f1,fa : X — X be two op-
erators which form a w. P. p. o.. Then we consider the multivalued operator
(fi, f2)* : Gy, UGy, — P((CF)y,r,) as follows: for each (z,y) € Gy U Gy,,
we define (fi1, f2)*(z,y) = { z € (CF)y, 1, | there exists a sequence of successive
approzimations for the pair (f1, f2), starting from (z,y), that converges to z }.
Definition 2.8. Let (X,d) be a metric space and fi, fo : X — X be two operators
which form a w. P. p. o.. We say that (f1, f2) is a c-weakly Picard pair of operators
(c € [0, +00]) (briefly c-w. P. p. o.) iff there exists a selection f7S of (fi, f2)> such
that

d(z, fr5(z,y) < cd(z,y),

for each (z,y) € Gy, UGy,.
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Remark 2.1. [t is obvious that a P. p. o. is a w. P. p. 0. and a c-P. p. 0. is a
c-w. P. p. o..

Further on we shall give some examples of ¢-P. p. 0. and ¢-w. P. p. o..
Theorem 2.1. Let (X,d) be a complete metric space and fi, fo : X — X be two

operators for which there exists a € [0,1/2] such that

d(f1(x), f2(y)) < a [d(z, f1(x)) + d(y, f2(y))];

for each z,y € X.

Then Fy, = Fy, = {z*}, (f1, f2) is c-P. p. 0. and f1 and fo are c-P. o., with
c=(1-a)/(1-2a).
Proof. The conclusion follows immediately from Kannan’s theorem [3] and from the
Theorem 2 given by Rus in [5]. O
Theorem 2.2. Let (X,d) be a complete metric space and fi, fo : X — X be two

operators for which there ezist a,b € Ry, with a +b <1 such that

d(fi(x), f2(y)) < a d(z, fi(x)) + b d(y, f2(y)),

for each z,y € X.

Then Fy, = Fy, = {z*} and (f1,f2) is c-P. p. 0., with ¢ = (1 —
min {a,b})/[1 — (a +b)].
Theorem 2.3. Let (X,d) be a complete metric space and fi,fo : X — X be two
operators. We suppose that there exist a, 8,7 € Ry, with a + 28 + 2v < 1 such that

d(f1(x), f2(y)) < o d(z,y)+ B [d(z, f1(2)+d(y, f2(y)] +7 [d(z, f2(y)) +d(y, f1(2))],

for each xz,y € X.
Then Fy, = Fy, = {a*} and (f1, f2) is ¢-P. p. o., withc=[1— (8+7)]/[1 —
(a+20+27)].
Proof. The fact that Fy, = Fy, = {z*} follows from a theorem given by Rus in [4].
In order to prove the second part of the conclusion we shall take again the
proof.
Let 4,5 € {1,2}, with ¢ # j. Let g € X and we take zo,_1 = fi(z2n—2),
Zon = fj(22n—1), for each n € N*.
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We have
d(z1,22) = d(fi(z0), fj(21)) <
< ad(zo, x1) + Bld(zo, fi(x0)) + d(z1, f5(x1))] + yd(zo, f(21)) + d(=1, fi(20))] =
= ad(xo, 1) + Bld(xo, 1) + d(w1, 22)] 4+ vd(w0, 22) <
< ad(zg,x1) + Bld(xo, x1) + d(x1, 22)] + v[d(0, 1) + d(21, 22)]
and hence

d(z1,72) < (@ + B +7)/[1 = (B+7)] d(xo, 21).

Similarly, we have that

d(xz,23) < (a+ B +7)/[1 = (B+7)] d(z1, 22).
By induction we get that

a+ B+~ 1"
1(5+’Y)] d($07$1>7

d(xn;$n+1) < I:

for each n € N.
This implies that (z,,),en is a convergent sequence, because (X, d) is a com-
plete metric space. The limit of the sequence (z,)nen is the unique common fixed

point z* of f; and fs.
We have

d(xo, 1),

d(zp,z%) < [ a+ﬁ+7)]n 1_1—(ﬁ+7)

1= (B+1 (a+20+2)
for each n € N.

For n = 0, we obtain

d(zo,x") <L = (B+7)]/[1 = (a+ 28+ 27)] d(zo, fio))-

So, we can assert that (f1, f2) isa ¢-P. p. o., with ¢ = [1 = (8+7)]/[1 — (¢ +28+27)].
U
Remark 2.2. If we take a = 8 = 0 in the metric condition of the Theorem 2.3, then
the part which affirms that Fy, = Fy, = {a*} is a result given by Chatterjea in [1]
and we have that (f1, f2) is ¢-P. p. o., with c = (1 —)/(1 — 27).
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Theorem 2.4. Let (X,d) be a complete metric space and fi, fo : X — X be two
operators for which there exist ay, ..., a5 € Ry, with a; +as+az+2max {ag,a5} < 1

such that
d(fi(z), f2(y)) < a1 d(z,y) + a2 d(z, fi(x)) + a3 d(y, f2(y))+

+ay d(z, f2(y)) + as d(y, fi1(z)),

for each z,y € X.
Then Fy, = Fy, = {z*} and (f1, f2) is ¢-P. p. o., with c = (1 — )™, where
Il =max {(a1 +az + aq4)/[1 — (as + a4)], (a1 + as + a5)/[1 — (a2 + a5)]}.
Proof. The proof is made similarly with that of the Theorem 2.3. O
Theorem 2.5. Let (X,d) be a complete metric space and fi,fo : X — X be two

operators. We suppose that there exists a € [0, 1] such that

d(f1(x), f2(y)) < a max {d(z,y), d(z, f1(x)), d(y, f2(y)),

1/2 [d(z, f2(y)) + d(y, f1(2))]},

for each z,y € X.

Then Fy, = Fy, = {z*} and (f1, f2) is ¢-P. p. o., withc= (1 —a)~'.
Proof. The fact that Fy, = Fy, = {a*} follows from a theorem given by Ciri¢ in
[2]. For the second part of the conclusion, the proof is made similarly with that of
the Theorem 2.3. O
Theorem 2.6. Let (X, d) be a complete metric space and ¢ : R%. — Ry be a contin-

uwous function which satisfies the following two conditions:
(i,) ¢ is monoton increasing in each variable;
(iiy) @(t,t,t,2t,0) <t, p(t,t,t,0,2t) <t and (t,0,0,t,t) < t, for each t > 0.

Let f1, fa : X — X be two operators for which there exists a € [0,1] such that

d(fl(x)an(y)) <a @(d(may)ad(xafl(x))’d(y,f2(y))ad(xafQ(y))vd(yvfl(x)))’

for each z,y € X.

Then Fy, = Fy, = {x*} and (f1, f2) is ¢-P. p. o., withc= (1 —a)™'.
Proof. The proof is made similarly with that of the Theorem 2.3, taking into account
the properties of the function ¢. O
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Remark 2.3. It is an open question if the operators f1 and fo from the Remark 2.2,
the Theorems 2.2, 2.3, 2.4, 2.5 or 2.6 are P. o..

Theorem 2.7. Let (X,d) be a complete metric space and fi,fy : X — X be two
continuous operators. We suppose that there exist ay,as € [0, 1] such that for each

i,7 € {1,2}, with i # j we have

d(fi(x), f;(fi(2))) < ai d(z, fi)),

for each z € X.
Then Fy, = Fp, € Py(X) and (f1, f2) is ccw. P. p. o., with ¢ = (1 —
max {a,as})" L.

Proof. We show in the beginning that F'y, = Fy,. Let £* € Fy,. Then we have

d(a”, fa(x7)) = d(f(2"), f2(f1(27))) < ar d(z", fr(27)) = 0.

So x* € Fy, and thus we are able to write that Fy, C Fy,. Analogously we get that
Fy, C Fy,. Hence Fy, = F},.

It is not difficult to see that Fy, and Fy, are closed sets. In order to prove
that let ¢ € {1,2} and z,, € FY,, for cach n € N, with the property that x,, — z*, as
n — oo. From z,, = f;(x,), for each n € N and taking into account the fact that f;
is continuous we get, by letting n to tend to infinity, that «* = f;(«*), i. e. a* € FY,.
So FY, is a closed set.

Further on we shall prove that (CF)y, r, # 0. Let i,5 € {1,2}, with ¢ # j.
Let 2y € X and we put z2n,—1 = fi(@2n—2), Tan = fj(2n—1), for each n € N*. We

have
d(z1, 22) = d(fi(z0), f;(21)) = d(fi(w0), f;(fi(20))) <
< a; d(xo, fi(20)) = a; d(xo,x1).
Similarly, we have that

d(l‘g,l‘g) S aj d($1,$2).

We put a = max {a1,as}. By induction we get that
d(xnaanrl) S an d(x07x1);

for each n € N.
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This implies that (z,),en is a convergent sequence, because (X, d) is a com-
plete metric space. Let o* = lim, o0 Zn. From xop_1 = fi(22n—2), T2n = fj(z2n-1),
for each n € N* and taking into account the fact that f; and f; are continuous, it

follows that z* € (CF)y¢, f,. So (CF)y, s, = Fy, = F, # 0. By an easy calculation

we have
d(zp,z") <a™/(1 —a) d(zg,z1),

for each n € N.

For n = 0 we get
d(zg,z*) < (1 —a)™" d(zo,x1).

Therefore (f1, f2) is a c-w. P. p. o., where ¢ = (1 — max {a1,a2})"*. O
Remark 2.4. It is an open question if the operators f1 and fo from the Theorem 2.7

are w. P. o..

3. Data dependence of the common fixed points set of c-weakly Picard

pairs of operators
Theorem 3.1. Let (X,d) be a metric space and f1, f2,91,92 + X — X be four
operators. We suppose that:

(i) (f1,f2) is a cg-w. P. p. o. and (g1,92) is a cg-w. P. p. o;
(ii) there exists n > 0 such that for each x € X, there are iy, j, € {1,2} so
that

d(fi, (), 95, (x)) <n.
Then

H((CF)fufw (CF)Q1,92) <7 max {Cfvcg}'

Proof. It is not difficult to see that

H((CF)fhfw (CF)glygz) < max { ((,S*I;I)) d(x,fﬁ%(x,f“ (9:))),
z€ 91,92

sup  d(z, 97%(7, g5, (2))) } -

z€(CF) .15
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If z € (CF)yg, 4,, then we have
d(x, [75(, i, () < cp d(z, fi, (2)) = ¢ d(g;, (2), fi, () < cp .
If 2 € (CF)y, 4,, then we get
d(z, 972(2, 95, (%)) < ¢g d(z,9;,(2)) = g d(fi, (¥), 95, () < cg 0.

From these, using the following lemma (see [8])
Lemma 3.1. Let (X,d) be a metric space and A, B € P(X). We suppose that there
exists m € R, n > 0 such that:
(i) for each a € A, there exists b € B so that d(a,b) <,
(ii) for each b € B, there ezists a € A so that d(b,a) <.
Then H(A, B) <.

We obtain the conclusion of the theorem. OJ

Further on we shall give some consequences of the abstract result given in
Theorem 3.1.
Theorem 3.2. Let (X,d) be a complete metric space and f1, f2,91,92 : X — X be

four operators. We suppose that:

(iy) there exists ay € [0,1/2[ such that

d(f1(x), f2(y)) < ay [d(z, f1(z)) + d(y, f2(y))];

for each z,y € X;
(ig) there exists ay € [0,1/2[ such that

d(91(2), 92(y)) < ag [d(x, g1(2)) + d(y, g2(y))],

for each z,y € X;
(ii) there exists n > 0 such that for each x € X, there are iy, j, € {1,2} so
that

d(fi. (%), g5, () <.
Then Fy, = Fy, = {a}}, Fy, = Fy, = {2} and

d(x}?,x;) <n(l-a)/(1-2a),

where a = max {af,a4}.
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Proof. From the Theorem 2.1 we have that Fy, = Fy, = {z}} and that (f1, f2) is
cg-P. p. o., with ¢ = (1 —ay)/(1 — 2ay). From the same theorem we also have that
Fy, = Fy, = {x}} and that (g1, 92) is ¢g-P. p. 0., with ¢, = (1 —a,)/(1 — 2a,). The
fact that d(2},z) <n (1—a)/(1—2a) follows immediately from the Remark 2.1 and

the Theorem 3.1. [J
Theorem 3.3. Let (X,d) be a complete metric space and fi, f2,91,92 : X — X be

four operators. We suppose that:

(iy) there exist af,by € Ry, with ay + by <1 such that
d(f1(z), f2(y)) < ag d(z, f1(2)) + by d(y, f2(y)),

for each z,y € X;
(ig) there exist ag,by € Ry, with ag + by < 1 such that

d(91(x), 92(y)) < ag d(z,91(2)) + by d(y; 92(y)),

for each z,y € X;
(ii) there exists n > 0 such that for each x € X, there are iz, j, € {1,2} so
that
d(fi, (), gj.(x)) <.
Then Ffl = Ff2 = {‘r}}) Fgl = ng = {x;} and

d(;v’},x;) <1 max {cy,cq},

where ¢y = (1—min {as,bs})/[1—(as+bs)] and ¢y = (1—min {ay, by})/[1—(ag+by)].
Proof. From the Theorem 2.2 we have that Fy, = Fy, = {z}} and that (f1, f2)
is ¢s-P. p. o.. From the same theorem we also have that F, = F,, = {z;} and
that (g1,92) is ¢;-P. p. o.. Now, the fact that d(z},zj) < n max {cf,cs} follows
immediately from the Remark 2.1 and the Theorem 3.1. [J

Theorem 3.4. Let (X,d) be a complete metric space and fi, f2,91,92 : X — X be

four operators. We suppose that:

(iy) there exist of, By, vf € Ry, with af + 205 + 2v¢ < 1 such that
d(f1(x), f2(y)) < ap d(z,y) + By [d(z, f1(2)) + d(y, f2(y))]+

+yy A, f2(y)) + d(y, f1(2))],
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for each z,y € X;
i,) there exist ag, By,7, € Ry, with ay + 28, + 2v, < 1 such that
g g9r7gy 1g + g g g

d(g1(x),92(y)) < ag d(z,y) + By [d(x, g1(x)) + d(y, g2(y))]+

+7g [d(, 92(y)) + d(y, 91(2))];
for each x,y € X;
(ii) there exists n > 0 such that for each x € X, there are iy, j, € {1,2} so
that
d(fi, (), 9, () <.
Then Fy, = Fy, = {x’}}, F, =F, = {m;} and

d(x}axZ) S n max {Cf,Cg},

where ¢ = [1— (87 +1)/[1 — (ay +2B; +277)] and ¢y = [1— (B, +7,))/[1 - (o +
28B4 + 2,)].-
Proof. From the Theorem 2.3 we have that Fy, = Fy, = {z}} and that (f1, f2) is
cf-P. p. o.. From the same theorem we also have that Fy, = Fy, = {z}} and that
(g1,92) is cg-P. p. o.. The fact that d(x?, zy) <1 max {cs,c,} follows immediately
from the Remark 2.1 and the Theorem 3.1. O
Theorem 3.5. Let (X,d) be a complete metric space and fi, f2,91,92 : X — X be
four operators. We suppose that:

(if) there exist a{,...,ag € Ry, with al +af —I—ag; + 2max {afz,ag} < 1 such

that

d(f1(), f2(y)) < af d(z,y) +af d(z, f1(2)) +af d(y, f2(y)+

+al d(w, f2(y)) + af d(y, f1(x)),

for each z,y € X;
(iy) there exist af,...,a € Ry, with af + af + aj + 2max {af,al} < 1 such

that
d(g1(2), 92(y)) < af d(z,y) + a3 d(z, g1 (x)) + a3 d(y, g2(y))+

+6L‘Z d(xu QQ(y)) + G,g d(yvgl (‘r))v
for each z,y € X;
99



ALINA SINTAMARIAN

(ii) there exists n > 0 such that for each x € X, there are iy, j, € {1,2} so
that
d(fi, (), 95, () <.

Then Fy, = Fy, = {x;}, Fy, = Fy, = {x}} and

d(xy,xg) <n max {cy,cq},
where c; = (1—1;)7", with Iy = max {(af + af + af)/[1 = (af + a])], (o +af +
al)/[1 = (af + al)]} and ¢, = (1 = 1)), with I, = max {(af + af + af)/[1 — (af +
af). (af +af +ad)/[1 - (af + ad)]}.
Proof. From the Theorem 2.4 we have that Fy, = Fy, = {27} and that (f1, f2) is
cf-P. p. o.. From the same theorem we also have that Fy, = Fy, = {z} and that
(91,92) is ¢g-P. p. 0.. Now, the fact that d(z7},2}) <n max {cs,cy} follows from the
Remark 2.1 and the Theorem 3.1. [
Theorem 3.6. Let (X,d) be a complete metric space and f1, fa,91,92 : X — X be

four operators. We suppose that:

(if) there exists ay € [0, 1] such that
d(f1(z), f2(y)) < ap max {d(z,y),d(z, f1(2)),d(y, f2(y)),

1/2 [d(z, f2(y)) + d(y, f1(2))]},

for each z,y € X;
(ig) there exists ag € [0, 1] such that

d(91(x), 92(y)) < ag max {d(z,y), d(z, g1(2)), d(y, g2(y)),

1/2 [d(z, g2(y)) + d(y, 91(x))]},

for each z,y € X;
(ii) there exists n > 0 such that for each x € X, there are iy, j. € {1,2} so
that

d(fi, (), 95, (x)) <n.

Then Fy, = Fy, = {x}}, Fy, = Fy, = {a} and

d(m},x;) <7 (1 —max {af,ag})_l.
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Proof. From the Theorem 2.5 we have that Fy, = Fy, = {z}} and that (fi, f2)

is cg-P. p. 0., with ¢y = (1 —ay)™".

From the same theorem we also have that
F,, = Fy, = {z}} and that (g1, g2) is ¢g-P. p. 0., with ¢; = (1 —a,y)~". The fact that
d(z},zy) < n (1 —max {ay, ag})~! follows immediately from the Remark 2.1 and the
Theorem 3.1. OJ
Theorem 3.7. Let (X,d) be a complete metric space and @y, pq R?r — R be two
continuous functions which satisfy the following conditions:
(ip;,) @y and oy are monoton increasing in each variable;
(i, ,) @r(t,t,t,2t,0) < t, pp(t,t,t,0,2t) < t and @f(t,0,0,t,t) < t, for each
t >0 and @g(t,t,t,2t,0) < t, o (t,t,£,0,2t) < t and @4(t,0,0,t,t) < t,
for each t > 0.
Let f1, fa, 91,92 : X — X be four operators. We suppose that:

(if) there exists ay € [0, 1] such that

d(f1(2), f2(y)) < afp ep(d(x,y), d(z, fi(2)),d(y, f2(y)), d(z, f2(y)), d(y, f1(x))),

for each z,y € X;
(ig) there exists ag € [0, 1] such that

d(g91(2), 92(y)) < ag pg(d(z,y),d(z, 91(x)),d(y, 92(y)), d(z, 92(v)), d(y, g1(2))),

for each z,y € X;
(ii) there exists n > 0 such that for each x € X, there are iy, j, € {1,2} so
that

d(fi, (), 9, () <.

Then Fy, = Fy, = {x;}, Fy, = Fy, = {x}} and

d(m},ac;) <7 (1 —max {af,ag})_l.

Proof. From the Theorem 2.6 we have that Fy, = Fy, = {z}} and that (f1, f2)
is ¢f-P. p. o., with ¢; = (1 —ay)~'. From the same theorem we also have that
Fy, = Fy, = {«}} and that (g1,92) is ¢g-P. p. o., with ¢; = (1 —ay)~". Now, the
fact that d(z},z;) < n (1 — max {ap,a,})~! follows immediately from the Remark
2.1 and the Theorem 3.1. U
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Theorem 3.8. Let (X,d) be a complete metric space and f1, fa,91,92 : X — X be

four operators. We suppose that:

(i) there exist af al € [0,1] such that for each k,l € {1,2}, with k # | we
have
d(fi(@), filfe(@)) < of, d(w, fi()),
for each z € X;
(ig) there exist ay,a$ € [0,1[ such that for each k,l € {1,2}, with k # 1 we
have
d(gr (), 9i(gr())) < ay; d(w, g (),
for each x € X;
(ii) there exists n > 0 such that for each x € X, there are iy, j, € {1,2} so
that

d(fi. (2), g5, () <.

Then

H((CF)fhfzv (CF)QL.(D) <n (1 — max {afvag’a%ag})_l'

Proof. From the Theorem 2.7 we have that (fi, f2) is cy-w. P. p. o., with ¢5 =

(1—max {af,al})~" and that (g1, g2) is cg-w. P.p. 0., with ¢; = (1—max {af,aj})~".

The conclusion follows from the Theorem 3.1. [
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