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ON SOME INEQUALITIES FOR THE ε-ENTROPY NUMBERS

NICOLAE TIŢA

Abstract. We prove the inequalities:
k∑

n=1

αnεn (S1 + . . . + Sr) ≤ (2r − 1) c

k∑
n=1

αn (εn(S1) + . . . + εn(Sr))

and
k∑

n=1

αn εn(S1 . . . Sr) ≤ (2r − 1) c

k∑
n=1

αnεn(S1) . . . εn(Sr),

k = 1, 2, . . . , r ≥ 2, where (εn(S)) is the sequence of ε - entropy numbers

of the linear and bounded operator S : X → X (S ∈ L(X)) and (αn) is

such that 1 = α1 ≥ . . . ≥ 0 and αnr ≤ c
nr−1 αn, ∀n ∈ N . X is a Banach

space.

1. Introduction

Let X be a Banach space and let T : X → X be a linear and bounded operator

(T ∈ L(X)). The ε - entropy numbers of the operator T are defined, [1],[2],[4],[6], as

follows:

εn(T ) = inf{σ > 0 : ∃y1, . . . yn ∈ X s.t. TUX ⊆ ∪n
i=1{yi + σUX}}, n = 1, 2, . . . ,

where UX = {x ∈ X :‖ x ‖≤ 1}.

It is well known [1],[4],[6] that: ‖ T ‖= ε1(T ) ≥ ε2(T ) ≥ . . . ≥ 0 and

εn1n2(S + T ) ≤ εn1(S) + εn2(T ), εn1n2(ST ) ≤ εn1(S)εn2(T ), n1, n2 = 1, 2, . . ..

In the papers [5],[6] are presented the inequalities:

k∑
n=1

εn(S + T )
n

≤ 3
k∑

n=1

εn(S) + εn(T )
n

(a)

2000 Mathematics Subject Classification. 47B06, 47B10.

Key words and phrases. Entropy numbers, symmetric norming functions.

121



NICOLAE TIŢA

k∑
n=1

εn(ST )
n

≤ 3
k∑

n=1

εn(S) · εn(T )
n

, k = 1, 2, . . . (b)

By reiteration we obtain:

k∑
n=1

εn (S1 + . . . + Sr)
n

≤ 3r−1
k∑

n=1

εn(S1) + . . . + εn(Sr)
n

(a′)

and an analog inequality (b’) for the product of r operators.

In this paper we prove, in a simple way, that the factor 3r−1 can be replaced

by (2r − 1) .

More generally, is [6], the sequence
(

1
n

)
is replaced by (αn) , where

1 = α1 ≥ α2 ≥ . . . ≥ 0 and αn2 ≤ c
nαn, ∀n ∈ N

2. Results

Firstly we remark that, from the inequalities of ε-entropy numbers for the

sum and product of two operators we obtain:

Proposition 1.1 The ε- entropy numbers verify the following inequalities:

εnr (S1 + . . . + Sr) ≤ εn (S1) + . . . + εn (Sr) (1)

εnr (S1 . . . Sr) ≤ εn (S1) . . . εn (Sr) (2)

Now we prove:

Theorem 1.2. The ε-entropy numbers verify the inequalities:

k∑
n=1

αn εn (S1 + . . . + Sr) ≤ (2r − 1) c
k∑

n=1

αn (εn (S1) + . . . + εn (Sr)) (3)

k∑
n=1

αnεn (S1 . . . Sr) ≤ (2r − 1) c
k∑

n=1

αnεn (S1) . . . εn (Sr) , (4)

where (αn) is a sequence such that 1 = α1 ≥ α2 ≥ . . . ≥ 0 and

αnr ≤ c
nr−1 αn, ∀n ∈ N ; k = 1, 2, . . .

Proof. We prove only (4). Tthe proof for (3) is similar. By using the

inequality (2) and the fact that the sequence (εn(S)) is non increasing we obtain:
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k∑
n=1

αnεn (S1 . . . Sr) ≤
(k+1)r−1∑

n=1

αnεn (S1 . . . Sr) =

=
k∑

n=1

(n+1)r−1∑
i=nr

αiεi (S1 . . . Sr) ≤

≤
k∑

n=1

[(n + 1)r − nr]αnrεnr (S1 . . . Sr) ≤

≤
k∑

n=1

(
2k − 1

)
nr−1 c

nr−1
αnεnr (S1 . . . Sr) ≤

≤ (2r − 1) c
k∑

n=1

αnεn(S1) . . . εn(Sr).

The proof is fulfiled.

3. Application

Let l∞ be the normed space of all bounded sequence, where

‖ x ‖∞= sup
n
|xn|.

For all x ∈ l∞, card(x) = card{n ∈ N : xn 6= 0}. We denote by K the set of all

sequences x ∈ l∞ such that card(x) ≤ n and x1 ≥ x2 ≥ . . . ≥ 0.

A function φ : K → R is called symmetric norming function, [3],[4],[6], if:

1. φ(x) > 0, for x ∈ K, x 6= 0;

2. φ(αn) = αφ(x), α ≥ 0, x ∈ K;

3. φ(x + y) ≤ φ(x) + φ(y);

4. φ(1, 0, 0, . . .) = 1;

5. If x, y ∈ K are such that

k∑
i=1

xi ≤
k∑

i=1

yi, k = 1, 2, . . .

then φ(x) ≤ φ(y).

Example of such functions are: φ∞ : x ∈ K → x1, φ1 : x ∈ K →
∑n

1 xi and

φω : x ∈ K →
∑n

i=1
xi

i .
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It is known, [3],[6],[7], that, for all symmetric norming function φ, the func-

tions: φ(p) : (xi) ∈ K → (φ (xp
i ))

1
p , 1 ≤ p < ∞ and φ : (xi) ∈ K → φ ({αixi}) are

symmetric norming functions.

If x ∈ l∞ are such that x1 ≥ x2 ≥ . . . ≥ 0, we consider

φ(x) = lim
n→∞

φ(x1, . . . , xn, 0, 0, . . .).

In [4], [7], the classes L
(ε)
φ(p)

(X) are considered, where L
(ε)
φ(p)

(X) = {T ∈ L(X) :

φ(p) ({εn(T )}) < ∞}, 1 ≤ p < ∞ . If φ is replaced by φ, from the inequality (a) and

the Minkowski inequality (for φ(p),[3],[4],[7]) in [5], [7] is proved that

‖ T ‖(ε)

φ(p)
= φ(p) (εn(T )) = (φ ({αnεp

n(T )}))
1
p is a quasi-norm.

From the above inequality (a’) and the properties (2) and (5) of the functions

φ, it results that:

‖
r∑

n=1

Sn ‖(ε)

φ
≤ 3r−1

r∑
n=1

‖ Sn ‖(ε)

φ
,

but from the theorem 1.2 we obtain that the factor 3r−1 can be replaced by (2r − 1)

if αn = 1
n , n = 1, 2, . . . . A similar result is also true for all sequences (αn) as above.

Remarks: For the dyadic entropy numbers en(T ) = ε2n−1(T ), n = 1, 2, . . . , are

known, [4] , [7], the inequalities:

k∑
n=1

en(S ? T ) ≤ 2
k∑

n=1

en(S) ? en(T ),

where ? is + or •.

For the case of r operators r > 2 it results:

k∑
n=1

en(S1 ? . . . ? Sr) ≤ r
k∑

n=1

en(S1) ? . . . ? en(Sr), k = 1, 2, . . .

This results from the fact that e(n−1)r+1 (S1 ? . . . ? Sr) ≤ en(S1) ? . . . ? en(Sr)

as follows:

k∑
n=1

en (S1 ? . . . ? Sr) ≤
rk∑

n=1

en (S1 ? . . . ? Sr) =
k∑

n=1

rn∑
i=(n−1)r+1

ei (S1 ? . . . ? Sr)

≤ r
k∑

n=1

e(n−1)r+1 (S1 ? . . . ? Sr) ≤ r
k∑

n=1

en (S1) ? . . . ? en (Sr) .
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We can also prove the inequality
k∏

n=1

en

(
r∏

i=1

Si

)
≤

k∏
n=1

r∏
i=1

er
n (Si) , k = 1, 2, . . . ; r ≥ 2.
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