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DYNAMICS ON (P, (X),Hs) GENERATED BY A SET
OF DYNAMICS ON (X,d)

IOAN A. RUS, BOGDAN RUS

Abstract. In this paper we study the following problem: Let (X, d) be a
complete metric space. Let f1,..., fm : X — X be some continuous weakly

Picard operators. These operators generates the following operator
Ty : Pep(X) = Pop(X), A fi(A)U--- U fm(A).

Is the operator Ty : (Pop(X), Ha) — (Pep(X), Hq) weakly Picard operator?

1. Introduction

Let X be a nonempty set and f1,..., f;n : X — X some operators. These

operators generate the following operator on P(X)
T;: P(X)— P(X), Tr(A):=fi(A)U---Ufn(A).

The problem is to study the operator Tt depending on the properties of the
operators fi,..., fm. In what follow we shall study this problem from the point of
view of the Picard operators theory.

Throughout this paper we follow terminologies and notations in [27] and [36].

See also [31], [32] and [34]. For the multivalued operator theory see [36], [2], [21], [23].

2. Iterated Picard operator systems

We begin our study with the following open problem

Problem 1. (see [32] and [34]) Let (X, d) be a complete metric space and
fi,..., fm : X — X continuous Picard operators. Is the operator T : (P (X), Hg) —
(P.p(X), Hy) Picard operator?

For the Problem 1 we have the following partial results:
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Theorem 2.1. (see [1], [13], [6], [42]) If the operators fi,..., fm are a-

contraction, then the operator
Ty : Pep(X) — Pep(X)

15 an a-contraction.

Remark 2.1. By definition, the unique fixed point of T} is the attractor of
the iterated operator systems (I0S) fi,..., fm.

Theorem 2.2. (see [33]) If the operators f1,..., fm are p-contractions, then
the operator Ty : Pep(X) — Pep(X) is a p-contraction.

Theorem 2.3. (see [24]) If the operators f1,..., fm are of Meir-Keeler type,
then the operator Ty : Pop(X) — Pep(X) is a Meir-Keeler type operator.

The following open problems are in connection with the Problem 1.

Problem 2. Let X be a nonempty set and f1,..., f,, Bessaga operators.
Does there exist Y C P(X) such that

(a) T¢(Y) CY,

(b) Ty : Y — Y is Bessaga operator?

Problem 3. Let X be a nonempty set and fy, ..., f,, Janos operators. Does
there exist Y C P(X) such that

(a) TH(T) C Y,

(b) Ty : Y — Y is Janos operator?

Problem 4. Let (X, d) be a complete metric space and f1,..., fmn : X —
X continuous Bessaga operators. Is the operator Tt : Pep(X) — P.p(X) Bessaga
operator?

Problem 5. Let (X, d) be a complete metric space and f1,..., fr, : X — X
continuous Janos operators. Is the operator T : P, (X) — P.p(X) Janos operator?

In the case m =1 we have

Example 2.1. Let f : R — R, f(x) = %x and Ty : P(R) — P(R),
T¢(A) = f(A). We remark that f is Bessaga operator (f is %—contraction), but
cardFr, > 1. For example {0}, R, R+,R_,R17Ri,{2k\kz € Z}, are fixed points of
;.

Theorem 2.4. Let X be a nonempty set and f : X — X a Bessaga operator.
Then there exists Y C P(X) such that
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(o) Tf(Y)CY

(b) Ty : Y —Y is Bessaga operator.

If cardX > 1, then there exists Y C P(X) such that cardY > 1.

Proof. Here T is the following operator, Ty : P(X) — P(X), Tf(A) = f(A).
By a theorem of Bessaga ([27]) there exists a metric d on X such that (X,d) is a
complete metric space and f : (X,d) — (X,d) is an a-contraction. By a theorem
of Nadler ([22]) the operator Ty : (P, (X), Hqy) — (P.p(X), Hy) is an a-contraction.
By the contraction principle Tf\pcp(x) is Picard operator. So, Tf|PCp(X) is Bessaga
operator (Y = P.,(X,d)).

Theorem 2.5. Let (X,d) be a compact metric space and f : X — X contin-
uous Janos operator. Then the operator Ty : Pop(X) — P.p(X) is Janos operator.

Proof. By a theorem of Janos ([27]) there exists an equivalent metric (with
d) p on X such that f: (X, p) — (X, p) is an a-contraction. By a theorem of Nadler
([22]) the operator Ty : (Pep(X), Hy) — (Pep(X), H,) is an a-contraction, These imply
that

011, + (Tf(Pep(X))) < adpr, (Pep(X))
and
611, (T (Pep(X))) < ™61, (Pop( X))
So
() T7 (Pap(X)) = {{z"}}

neN

where z* is the unique fixed point of f.

3. Iterated weakly Picard operator systems

The basic problem of this paper is the following

Problem 6. Let (X, d) be a complete metric space and fi1,..., fm, : X = X
continuous WPOs. Is the operator T : Py, (X) — Pep(X) WPO?

The following open problems are in connection with the Problem 6.

Problem 7. Let (X,d) be a complete metric space and fi,...,fn €
C(X, X). We suppose that

Fy,=Fpm #0, i=1,m, ne N".
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We ask if
Fr, = Fry #0, neN*

Problem 8. Let (X, d) be a compact metric space and f1, ..., fm € C(X, X).
We suppose that

() f1(X)=Fy,, i=Tm.
neN

Does the operator Ty satisfy the condition
() T} (Pep(X)) = Pr,?
neN
Problem 9. (see [4], [26]) Let (X, d) be a complete metric space and f; €
C(X,X),i=1,m. We suppose that

wr(x)#0,VeeX, YVi=1m.
Does this imply that
wry (A) #0, VA Pp(X)?

Problem 10. (see [4], [26]) Let (X,d) be a complete metric space and
fi € C(X,X), i =1,m. If there exists € X such that the recurrent point set of f;,

R 40, i=Tm,
does exist A € P,(X) such that
Ry, (A) # 07

In the case m = 1, we have

Example 3.1. Let X be a Banach space, K € C([a,b] X [a,b] x X, X),
K(t,s,-) : X — X a Lg-Lipschitz operator, for all ¢, s € [a,b]. Let f: C([a,b], X) —
C([a,b], X) be defined by

f(@)(t) =z(a) + /t K(t,s,z(s))ds.
Let X, := {x € C([a,b], X)|z(a) = a}, o € X. Then
e X =|JX, is a partition of X,
e f is continuous,
o X, € Iy(f),
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e f|x, is a Picard operator, a € X,
o Ty : Pp(Xa) — Pep(Xa) is Picard operator, a € X,

o T U P.,(X,) — U P.,(X,) is WPO with respect to the generalized

aceX aceX
Hausdorff-Pompeiu metric.

More general we have

Theorem 3.1. Let (X, d) be a complete metric space, X = U X4 a partition

acJ
of X, f: X — X a continuous operator such that:

(i) Xo € La(f),

(i) f: Xo — Xo is a-contraction, for all a € J.
Then there exists S(X) C P(X) such that:

(i) S(X) € I(Ty),

(i) Ty : S(X) — S(X) is WPO with respect to the generalized Hausdorff-
Pompeiu metric on S(X).

Proof. By a theorem of Nadler Ty : P.,(Xqo) — P.p(X,) is a-contraction for

all @ € J. Let S(X) := U Pep(Xa). Then for all A € S(X), T}(A) converges to

aeJ
T3°(A). If A€ Py(Aq), then T3 (A) € Pryp(Xa), and is the unique fixed point of Ty

in Pep(Xa).

4. Attractor and sequences of contractions

Let (X,d) be a complete metric space, f1,..., fm : X — X a-contractions.
Then Ty : Pep(X) — Pep(X) is a-contraction. By definition the unique fixed point of
Ty, A*, is the attractor of the iterated operator system fi,..., fy. The attractor A*
has the following properties (see [13], [43], [1],...):
a)
(i) @ # A* is compact,
(i) fi(A*) C A*, for 1 <i<m,
(iii) A* is minimal with respect to (i) and (ii).

b) for all x € A*, there exists a sequence iy, ...,14s,... such that

fiyofi,o---0fi.(y) — zas s — oo,

for all y € X.
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The above properties of the attractor give rise to the following problems:

Problem 11. Let (X < d) be a complete metric space and f, f,, : X — X
n € N. We suppose that

(i) f and f,, are a-contractions, n € N,

(i) fo 5 f-

Does f2° converges to f>°7

Problem 12. Let (X,d) be a complete metric space and f, f, : X — X
WPOs, n € N. If (f,)nen converges to f, does (f2°),en converges to f>7?

Problem 13. Let (X, d) be a complete metric space and f1,..., fm: X — X

p-contractions. Let (gn)nen a sequence in {f1,..., fin}. Does converge the sequences
T = (go 0 -+ 0 gn)(T)

and
Yn = (gn o+ 0go)(z)?

Problem 14. Let (X,d) be a complete metric space and f, : X — X
a rp-contraction, n € N. If r, — 0 as n — oo, does f, converges to a constant
operator?

We have the following result for the above problems

Theorem 4.1. (see [28]) Let (X,d) be a complete metric space and f, fy, :
X — X, n e N. We suppose that:

(a) f is Picard operator (Fy = {z*});

(b) the sequence (fn)nen is asymptotical uniform convergent to f;

(c) Fy, # 0, for alln € N.

If 3, € Fy,, then z}, — =¥ as n — oo.

Proof. By definition the sequence (f,)nen is asymptotical uniform conver-

gent to f if for all € > 0 there exist ng(e), mo(e) such that
d(fy (x), f™(x)) <e
for all n > ng(e), m > mo(e) and all z € X.
We have
d(ay, x%) = d(f;" (x7,), f™(27)) <
< d(f (), £ (23)) +d(f™ (), [ (27)).
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Let € > 0 and ng(g), mo(g) such that

d(fy (x), ™ (27,)) <

b

| ™

for all n > ng(e), m > myp(e).

On the other hand for each n > ng(e) there exists m,(e) such that

d(fm (), 2%) <

N ™

Theorem 4.2. (see [1], [5], [18]) Let (X, d) be a complete metric space and
fn: X — X a ay-contraction, such that o, — 0 as n — oco. Let x* € X. Then the
following statements are equivalent:

(i) there exists xg € X such that f,(xo) — x* as n — oo;

(i) fn(z) — 2* asn — oo, for allx € X;

(iii) x¥ — x* as n — oo, where x}, is the unique fized point of f,.

Proof. (i) = (ii). From the condition (i) we have

< and(z,20) + d(fn(20), 2").
(ii) = (ii). We have
d(zy,, 2%) < d(fn(27,), fo(27)) + d(fn(a7), 27) <
< and(ay, %) + d(fn(27), 27).

So

d(xy,, ") < d(fn(z*),2*) — 0 as n — oo.

1—a,

(iii) = (i). It follows from
d(fn(27),27) < d(fu(27), fo(2y,)) + d(fn(2y,), 27) <

< (ap + Dd(z}, z*).

Remark 4.1. For other results for the Problem 11-14 see [1], [5], [10], [22],
18], [19], [28], [36]-
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