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A DIFFUSION PROBLEM IN A CIRCULAR DOMAIN IN A
POROUS LAYER

T. GROSAN AND I. POP

1. Introduction

Transport and flow phenomena in porous media or industrial synthetic
porous materials, arise in many diverse fields of science and engineering, ranging from
agricultural, biomedical, construction, ceramic, chemical, and petroleum engineering
to food and soil science, and powder technology. Fifty percent of more of the origi-
nal oil-in-plan is left in a typical oil reservoir by traditional recovery techniques. Oil
recovery processes constitute only a small fraction of an enormous, and still rapidly
growing, literature on porous media. In addition to oil recovery processes, the closely
related areas of soil science and hydrology are perhaps the best — established topics.
The study of groundwater flow and the restoration of aquifers that have been contam-
inated by various pollutants are important current areas of research in porous media
problems. The construction industry, transmission of water by building materials
is also an important problem that uses porous media. Phenomena involving porous
media are also numerous. Recent books by Ingham and Pop [1], Nield and Bejan [2],
Vafai [3] and Pop and Ingham [4] on transport phenomena in porous media clearly
demonstrate that flows in porous media are becoming a classical subject, once where
earlier developments have been confirmed by a large number of studies.

The present paper studies a diffusion problem in a porous layer of circular
form and thickness Az. We suppose that the pressure p does not vary with height.
Thus, the fluid motion is reduced to two — dimensional flow in a circular domain. We

assume that the domain’s boundary is impermeable, that at the moment t = 0 the

41



T. GROSAN AND I. POP

fluid has an initial pressure, p;, and that a negative source is placed in the centre of

the domain. We will study the evolution of the pressure on time.

2. Basic Equation

We consider the two — dimensional flow of a viscous and compressible
fluid generated by a negative source of debit q placed in the porous layer. We study
the fluid motion in a circular domain where the source is placed in the centre of the
domain. The problem is described by the continuity equation, Darcy’s law and the

state equation as established by Cretu [5] or Ungureanu et al. [6]:

0 0 0
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where x and y are Cartesian coordinates, u and v are velocity components along x
and y axes, respectively, K is the permeability of porous medium, p is the density, i
is the viscosity, p is the pressure, p, is te density at the atmospheric pressure pg and
(3 is the compressibility coefficient defined as

_1dp
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(4)

Because the compressibility coefficient, 3 , is small equation (3) can be expressed as:

p = py[1+8(p—po)l (5)

If we assume that the porous medium is homogeneous (K is constant in x
and y directions, respectively), u is independent of the pressure p and that My = q

(constant), Eqgs.(1) — (5) reduces, after some algebra to the following equation:

0 op 0 dp dp
Yy 2 (K, 2P) =P
ax( ax) +8y( y8y> 1= (6)

and it describes the flow of a viscous fluid trough porous medium. In this equation
K, and K, denotes the permeability in x and y direction, respectively, q is the debit
and c is the hydraulic capacity.
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3. Application
Because the flow domain is circular the flow is symmetric. Thus, Eq. (5)

is written in polar coordinates (r,0 ) as follows (see, for example, Kohr [7]):

Pp 10p pu mpBu Op
(7)

a2 T e TR Tk B

where 0/00 = 0 has been used. Equation (7) is now written in the non — dimensional

form by using the new variables

A . . RPug
R" p _R2mﬂl~t’q B

(8)

where R is the radius of the circular domain. Substituting the variables (8) into Eq.
(7), it becomes

?p 10p Op
a2 trer T o )

where the star has been dropped.
We shall assume now that the boundary of the circular domain is impermeable
and that at t = 0 the initial pressure, p;, is constant and equal with one. Thus, the

initial and boundary conditions of Eq. (8) are

p(r,0) =1, %(1,@ =0 (10)

Further, we notice that at r = 0, we have

L E o
lim - = —
r—0 r  Or?

Therefore, Eq. (9) can be written as

d%p dp
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We will use the finite difference operators for the derivatives, which appear

in Egs. (12) and (13) (see Ixaru [8]):

dp 1

or = 2h (Pz'+1 —pz‘f1)

0%p 1

52 52 (Pi—1 — 2pi + pit1) (14)
op 1

o At (pi,n+1 _pi,n)

Forr =0 (i=0) we have

op 1 B
Y (p1 —p-1) =0 (15)

and we find that p; = p_1 and the second order derivative becomes

p 1 2
52 " 12 (P—1 —2po +p1) = el (P1 —po) (16)
For r = 1 (i = n ) we obtain from the condition of boundary impermeability

dp 1
" o (Pn41 —Pn-1) =0 (17)

so that p,+1 = pn—1, and the second order derivative becomes

P?p 1 2
ﬁ = ﬁ (pn—l — 2pn +pn+l) = ﬁ (pn—l _pn) (18)

The debit function has a nonzero value only in the origin, so that we have:

2
R ”qo for r=0
q(r,t) = kp; (19)

0 for r=#0

Using (14) — (19) the equations (12) — (13) become:

) 2At

J = 0:popt1 = e (P1 = po) + qAt + po.n

. At At

j > 0: Pin+1 = ﬁ (pj—l — 2pj +pj+1) + jih (pj+1 *pj—l) + Pjn (20)
) 2At

J = NiPnntl = ﬁ (Pn—l _pn) + Pnn
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Equations (20) form an explicit scheme of finite difference for our problem.
For the study of convergence we have used a Fourier analysis. We write the pressure

p like a Fourier series (see Morton and Mayers [9]):

Djm = )\neik(jh) (21)

where ) is the amplification parameter and i =v/—1. After some algebra using (20)

and (21) we found:

At
A=1-4oy (22)

Because the condition of converge is that the amplification parameter must

be between —1 and 1 we have the condition

&
IN
DO =

(23)
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4. Results and Discussion

The Egs. (20) have been integrated using the time steep At = 0.01 and
the spatial steep h = 0.2 and we can see from Eq. (23) that the convergence condition
is satisfied. In the Table 1. we have presented the results for ¢ = -1. Obviously the
value of the pressure is decreasing in the entire domain, but the effect is more present
in the center of the domain. At different moment of time the pressure shape is the
same, but the values are lowers, as can see in Figure 1. This behaviour is similar to

the one described by Cretu [5] for a rectangular domain:

TABLE 1. The values of the pressure at different moment of time
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At | h=0 |h=02|h=04|h=06h=08| h=1

0 1 1 1 1 1 1

0.5 | 0.93955 | 0.95839 | 0.96902 | 0.97565 | 0.97930 | 0.98042
1 10.91090 | 0.92975 | 0.94042 | 0.94707 | 0.95074 | 0.95188
2 | 0.85372 | 0.87257 | 0.88324 | 0.88989 | 0.89355 | 0.89470
3 10.79654 | 0.81540 | 0.82606 | 0.83271 | 0.83628 | 0.83752
4 10.73936 | 0.75822 | 0.76888 | 0.77553 | 0.77920 | 0.78034
5 | 0.68218 | 0.70104 | 0.71170 | 0.71835 | 0.72202 | 0.72316
6 | 0.62500 | 0.64386 | 0.65452 | 0.66117 | 0.66484 | 0.66598
7 1 0.56782 | 0.58668 | 0.59734 | 0.60399 | 0.60766 | 0.60880
8 | 0.51064 | 0.52950 | 0.54016 | 0.54681 | 0.55048 | 0.55162
9 |0.45346 | 0.47232 | 0.48298 | 0.48963 | 0.49330 | 0.49444

10 | 0.39628 | 0.41514 | 0.42580 | 0.43245 | 0.43612 | 0.43726

Fig.1. The variation of pressure p at different moment of time

References

[1] D.B. Ingham, I. Pop (eds.), Transport Phenomena in Porous Media, Pergamon, Oxford,
1998.

[2] D.A. Nield, A. Bejan, Convection in Porous Media (2ed edition), Springer, New York,
1999.

46



3]
[4]

A DIFFUSION PROBLEM IN A CIRCULAR DOMAIN IN A POROUS LAYER

K. Vafai (ed.), Handbook of Porous Media, Marcel Dekker, New York, 2000.

I. Pop, D. B. Ingham, Convective Heat Transfer: Mathematical and Computational
Modelling of Viscous Fluids and Porous Media, Pergamon, Oxford, 2001.

I. Cretu, Modelarea numerica a miscarii fluidelor in medii poroase, Editura Tehnica,
Bucuresti, 1980.

E. David-Ungureanu, S. Gogonea, H.I. Ene, Hidrodinamica mediilor poroase neomogene,
Editura Tehnica, Bucuresti, 1989.

M. Kohr, Probleme moderne in mecanica fluidelor vascoase, Vol I, I1. Presa Universitara
Clujeana, 2000.

L.Gr. Ixaru, Metode numerice pentru ecuatii diferentiale cu aplicatii, Editura Academiei
R.S.R., Bucuresti, 1979.

K.W. Morton, D.F. Mayers, Numerical Solution of Partial Differential Equations, Cam-
bridge University Press, 1994.

FAacuLTy OF MATHEMATICS AND COMPUTER SCIENCE,
BABES-BorLyal UNIVERSITY, 3400 CLUJ-NAPOCA, ROMANIA

47



