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DATA DEPENDENCE OF THE FIXED POINTS SET OF
MULTIVALUED WEAKLY PICARD OPERATORS
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Dedicated to Professor Petru T. Mocanu on his 70" birthday
Abstract. The purpose of this paper is to present data dependence re-

sults for some multivalued weakly Picard operatorors such as: Reich-type

operators, graphic-contractions.

1. Introduction

The purpose of this paper is to study the following problem (see Lim [9], Rus
[21], Rus-Muresan [23], etc).
Problem. Let (X,d) be a metric space and 71,72 : X — P(X) two multivalued
operators. If the fixed points sets Frr, and Fr, are nonempty and there exists n > 0
such that H(Ty(x), Tz (x)) <, for all x € X, estimate H(Fr,, Fr,), where H is the
Hausdorff-Pompeiu generalized functional on P(X).

Throughout the paper we follow the terminologies and the notations from
Rus [20]. For the convenience of the reader, we recall some of them.

Let (X, d) be a metric space. We denote:
P(X) := {A]A is a nonempty subset of X},  Py(X):={A € P(X)|A - closed},
P(X):={A e P(X)] A—Dbounded}, P.(X):={A¢e P(X)|A - compact},
P, (X) := Py(X)N Py(X).
If A,B € P(X), then we define the functional:
D(A, B) := inf{d(a,b)|a € A, b € B},
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and the following generalized functionals:
p(A,B) :==sup{D(a,B)la € A}, H(A,B):=max{p(4,B),p(B,A)}.

In this note we need the following well known properties of the functionals D and H
(see Nadler [13], Reich [15], Rus [19], [20]....).

Lemma 1.1 Let A,B € P(X) and ¢ € R, g > 1, be given.

Then for every a € A, there exists b € B such that d(a,b) < qH(A, B).

Lemma 1.2. Let A, B € P(X). We suppose that there exists n € R, n > 0,
such that

(i) for each a € A there is b € B such that d(a,b) < n;
(ii) for each b € B there is a € A such that d(a,b) <n.
Then H(A, B) <.
Lemma 1.3. Let A€ P(X) and x € X. Then D(z,A) =0 iff z € A.
If T:X — P(X) is a multivalued operator, then we denote by Fr the fixed

points set of T', i. e.

Fr:={zxe Xz eT(x)}.

2. Multivalued weakly Picard operators

Let us start the section by recalling an important notion.

Definition 2.1. Let (X,d) be a metric space and T : X — Py (X) a multi-
valued operator. By definition, T is a weakly Picard operator (briefly w.P.o.) iff for
all z € X and all y € T'(z), there exists a sequence (xy,)nen such that:

(i) zo =z, x1 =y,
(ii) zp41 € T(xy), for all n € N,

(iii) the sequence (z,)nen is convergent and its limit is a fixed point of T

Remark 2.2. A sequence (z,)nen satisfying the condition (ii) and (iii),
in the Definition 2.1 is, by definition, a sequence of successive approximations of T'
starting from zg.

Example 2.3. [see Rus [22]] If t : X — X is a singlevalued w.P.o., then
the multivalued operator T' : X — Py(X), T(x) := {t(x)}, for each z € X, is a
multivalued w.P.o.
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Example 2.4. Let t; : X — X, i € {1,2,...,n}, be singlevalued contrac-
tions. Then the multivalued operator T': X — Py (X), T'(z) = {t1(x), ..., tn(x)}, for
each z € X, is a multivalued w.P.o.

Example 2.5. [see Covitz-Nadler [4] and Reich [15]] Let (X, d) be a com-
plete metric space and T' : X — P, (X) be a multivalued contraction. Then T is a
multivalued w.P.o.

Other examples will be given in the next paragraphs.

3. Data dependence of the fixed points set of Reich-type operators

The first main result of this paper is the following:
Theorem 3.1. Let (X,d) be a complete metric space and Ty, Ty : X —
P, (X), be two multivalued operators. We suppose that:

(i) there exist a;, B;,vi € Ry, oz + B +vi < 1, such that
H(Ty(z), T;(y)) < cid(z,y) + B; D(x, Ti(x)) + 7 D(y, T;(y)),

forall z,y € X and i € {1,2};
(ii) there exists n > 0 such that

H(Ty(z), Tz(x)) <mn, foralx € X.

Then

(a) FTi S Pcl(X), 1€ {1,2},
(b) the operators Ty, Ty are w.P.o. and

H(Fr,, Pr,) < n(1 — min{y1,72})(1 — max{ay + 81 + 71,00 + B2 +72}) "

Proof. (a) From a theorem of Reich (Theorem 5 in [15]), we have that Fr, € P(X),
i € {1,2}. Let us prove that the fixed points set of a multivalued operator T, satisfying
a condition of type (i) (with o, 8,7 € Ry, a+ S+ < 1) is closed. For this purpose

let x,, € Fpr, n € N, such that x,, — z*, as n — +00. We have:

D(a", T(2")) < d(a”,xn) + D(n, T(27)) < d(z”, 20) + H(T (xn), T(2")) <

<d(z*,x,) + ad(zp, ") + BD(xn, T (xy)) + vD(2*, T(z*)).
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From this relation we have that
D(z*, T(z*)) < (1 +a)(1 — )" td(z*, x,) — 0, as n — oo.

Hence, by Lemma 1.3, z* € T'(z*).
(b) Let ¢ €]1, min{(ay 4+ B1 + 1) ~" (a2 + B2 + 72) "'} Let 2o € Fr, and
x1 € Ty(xp) such that

d(xo, 1) < qH(T1(20), T2(x0)) < qn.
Using again Lemma 1.1, there exists xo € T(21) such that
d(x1,72) < qlaz + B2)(1 — qy2) " 'd(z0, 21).

By induction, we prove that there exists a sequence of successive approxima-

tions of T, starting from zo € Fr,, such that
d(xnamn+l) S LZ(Q)d(xn—lvxn)7 n < N*a

where La(q) = g(az + B2)(1 — q2) ™' < L.
This relation implies that =, — z*, as n — oco. By standard argument we

prove that z* € I, and
d(n,2") < [1 = La(q)] " [L2(q)]"qn, n € N.
For n = 0, we obtain
d(zo,2") < [1 = La()] ™' qn. (1)

By a similar way, we have that for all yo € Frr, and y; € T1(yo), there exists

a sequence of successive approximations of 77 such that
Yn — y* € Fp, asn — oo

and
d(yn,y") < [1 = La(q)] " [L1(9)])"qn. n €N,
where Li(q) := q(aq + 1)(1 — g71) 7t < 1.

For n = 0, we have

d(yo,y™) < [1 = Li(q)] " an. (2)
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By Lemma 1.2, using (1) and (2) we have
H(Fr,, Fr,) < [1 - max{L1(q), L2(a)}]"'an.

Letting ¢ \, 1, we get the conclusion. [J
Remark 3.2. For §; = v; = 0 we have a result given by Lim [9]. See also
Rus [21].

4. Data dependence of the fixed points set of multivalued graphic-

contraction-type operators

A multivalued graphic-contraction-type operator is a multivalued operator
T:X — P,(X) satisfying a contraction-type condition for all x € X and y € T(x).
We have:

Theorem 4.1. Let (X,d) be a complete metric space and T1,To : X —
P.(X) such that:

(i) there exist a;, B; € Ry, a; + B; < 1 such that
H(Ti(z), Ti(y)) < cid(z,y) + BiD(y, Ti(y)),

for every x € X, every y € T;(x) and fori € {1,2};
(ii) there exists n > 0 such that H(Ty(x), Ta(x)) <mn, for all x € X.
If:
(iii) Ty, T> are closed multivalued operators
or
(iv) there exist two continuous functions 1, : R‘j_ — Ry such that:
(iv1) H(T:(), Ti(y)) < i(d(z,y), D(z, Ti(x)), Dy, Ti(y)), D(w, Ti(y)), Dly, Ti(x)),
for all z,y € X and fori € {1,2};
(iva) 1¥;(0,0,s,5,0) < s, if s >0, € {1,2};
(ivs) If ur < ug and vy < v then ¥;(u, ur, v, w,v1) < P¥;(u, uz, v, w,ve), for
all u;, vy, u,v,w € Ry and i € {1,2},
then
(a) Fr, € Pu(X), forie{1,2};
(b) T; are w.P.o., for i€ {1,2};
(¢c) H(Fr,, Fr,) <n(1 —min{B1, B2})(1 — max{aj + B1,as + B2}) L.
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Proof. Let us have (i), (i) and (4). From Lemma 2 in Rus [19] and (i) we have T;
are w.P.o. and Fr, € P(X), for i € {1,2}. Let us prove that Frp, € Py(X), i € {1,2}.
For this purpose, let (x,)neny C Fr; be a convergent sequence to an element z* € X.
It is sufficient to prove that z* € Fr,. We have: z, € T;(z,), n € N. From (4i) it
follows that «* € T;(x*), for i € {1, 2}.

Let us have (4), (é) and (7). Using Theorem 1 in [19] we obtain Fr, € P(X),
for i € {1,2}. Let us prove again that Fr, is closed in X for each i € {1,2}. As before,

let (z,)nen C Fr, be a convergent sequence to a point z* € X. Then:
D(z", Ti(z")) < d(z", xn) + D(@n, Ti(2%)) < d(z”, xn) + H(Ti(xn), Ti(2")) <
< d(@n, %) +i(d(zn, 27), D(zn, Ti(xn)), D(z*, Ti(27)), D(zn, Ti(27)), D(z", Ti(zn))) <
< d(@®, @) + ¥i(d(@n, 27),0, D(z*, Ti(2")), D(@y, Ti(z7)), d(z", zn)).-
Letting n — oo, we have:
D(a”, Ti(2")) < :(0,0, D(2", Ti(z")), D(2*, Ti(x")),0).

From (4v2) it follows that D(a*, T;(z*)) = 0 and hence 2* € Fr,, fori € {1,2}.
So, we get the conclusions (a) and (b). For (c¢) let xg € Fr,.

For every ¢ > 1, there exists z; € Ta(xg) such that d(zp, 1)

<
H(T; T: < . F T d1 i
qH (T1(20), To(x)) < gqn. For 2y € Ta(xo) an < ¢ < min a1+51 a2+/6,2}
x1) such that d(z1,2z2) < ¢H(Ta(z0), T2(x1)) < qlaad(zo,x1) +

there is zg € Ty
BaD(x1,To(x1))] < qlasd(xo, 1) + Pod(21,2)] and hence

By induction, one prove that there exists a sequence of successive approxima-

tions for Ty, starting from xg € Fr, such that d(z,, xnt1) < p2(q)d(Tn-1,2s), where

qae
1- 5
1

) Tp , as n — 00,

pa(q) = < 1. This implies that:
2) x* € FTZ,
[p2(q)]" [p2(a)]"
3) d(x ax*) < ———d To, L1 < 9, neE N.
) S 3 @ T S T
Interchanging the roles, one can prove that for each yo € Fr,, there exists a
sequence of successive approximations for 77, starting from yg such that

17) yn_>y*a as n — oo,
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2’) y* € Fry,
[p1(9)]" [p1(q)]"
3) d(Yn,y*) < ——=—d(yo, < ———=—qn, n € N, (where =
. ) A(Yn,y*) T (%0, Y1) i@ ( p1(9)
1
<1).
1-dh ) qn qn
For n = 0 we get d(zg,2*) < ———— and d(yp,y*) < ———. As
get dlwo, 7)< g gy M ey < 1)

consequence H(Fr,, Fr,) < gqn[1 — max{p1(q),p2(q)}] "

Letting ¢ “\, 1, the conclusion follows. [J

5. Applications

We shall prove now a data dependence result for the following equation:
p(u) +¥(u) =v, wel. (3)

Let us denote by Sy, the solutions set for (3). We have:

Theorem 5.1. Let (U, | - ||lv) and (V.| - |lv) be real Banach spaces and let
¢ : U — V be a continuous linear operator from U onto V. Put o = sup{inf{||u|y|u €
61 (0)}, v eV, Iollv <1},

Then, for every vi,ve € V and every lipschitzian operators 1,02 : U — V

(with the same Lipschitz constant L > 0) satisfying the following assertions:
i) there is 71 > 0 such that ||v; — va|lv < n1;
ii) there exists n2 > 0 such that |11 (u) — Y2(u)||v < 12, for each u € U,
iii) aL <1
are true the conclusions:
a) Sy, v € Pa(U), forie {1,2};

a(m +n2)
b) H(S¢17v17$¢2,v2) < 11—704112

Proof. From a result given by B. Ricceri (see [17], Theorem 4) it follows that Sy, », #
0 and Sy, ,, = FizF;, where F; : U — P(U) is a multivalued o L-contraction, given
by the formula F;(u) = ¢~ (v; — i (u)), for i € {1,2} (see also [18]). From Theorem

3.1 one have:

H(Swhvuswzﬂ)z) < SupH<Fl(u)aF2(u))'

1—al welU
But H(Fy(u), Fa(u)) = H(¢™ (vi—¢1(u)), ¢~ (v2—¢p2(u))) < afvr =1 (u)—
va + o (u)|| < alm + n2), for each u € U and hence the conclusion follows. O
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Let us consider now the following functional equations of n-th order:
o(x) € Gi(z,0(f1(2)), .., o(fu(2))), z€X, (4)

o(r) € Ga(z, p(g1(x)), - -, p(gn(2))), z€X, (5)
where ¢ is an unknown function and the multivalued operators G1, G2 and the singl-
evalued functions fi, gr (k € {1,2,...,n}) are given. Let us denote by S; (i € {1,2})
the space of continuous solutions for problems (4) and (5) respectively.

Theorem 5.2. Let X be a compact metric space and Y be a nonempty,
closed, convex subset of a Banach space. Let G1,G2 : X X Y™ — Py (V) be mul-
tivalued operators and fr,gr : X — X, k € {1,2,...,n} functions. We assume the
following conditions on the given operators:

i) there exist two functions B; : R} — Ry non-decreasing with respect to

each variable with the property B;(t,t,...,t) < a;t, for each t > 0, with

0 < a; <1 such that one have:

H(Gi(xvylu s 7yn)»Gi($a217 o vzn)) S ﬂ’b(”yl - 21”7 ) ||yn - Z’nH)v

forxe X, yr,z €Y (k€ {1,2,...,n}) and foriec {1,2};
ii) fe,9x : X — X are continuous, k € {1,2,...,n};
ili) G1,Gy are lower semicontinuous (I.s.c.);

iv) there exist np, 1 > 0 such that ||fr(x) — gp(z)]]

IN

n, for k €
{1,2,...,n} and H(G1(x,y1,---,Yn), G2(z,91,-.-,yn)) < 7, for x € X

and yYi,...,Yn €Y.
Then:
a) S; € Py(C), fori e {1,2} (where C = C(X,Y) is the space of continuous
functions from X toY);
b) H(S1,52) < (1 —max{ay,az}) [B(n1, - 7m) +171]-
Proof. From Theorem 4.1 in Wegrzyk [26] we get that S; = Fr,, where T; : C —

P, cv(C), i € {1,2} are multivalued operators given by the formulae:

Ti(p) ={¥ € Cl(z) € Gi(z, p(f1(2)), ..., p(fn(2))), z € X}
and

TQ(SD) = {"/} € C| 1/J($) € G2($>50(91($)>7 .- '790(gn($)))7 T € X}
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From Lemma 4.1 in the same paper [26], we have that H(T;(p1), Ti(¢2)) <
Yi(d(p1,92)), for @1, 2 € C, where v;(t) = Bi(t,...,t), for t € Ry and d(p1,p2) =

sup{l¢1(z) — pa2(2)|| | € X}
By i) it follows that T; are multivalued a;-contractions, for ¢ € {1,2}. Then,

we obtain:
S; € PCZ(C), for i € {1,2}
and

H(S1,52) = H(Fr,, Fr,) < [l — max {a1, az}] SléIgH(Tl(@%Tﬂsﬂ))- (6)
@

On the other side, let us estimate H (T3 (p), T2(¢))-
For this purpose, let ¢ e Ti(y). Then ¢4 (x) €
G (&, (1 (1)), -, p(fa(2)), & € X. We have

D(‘Pl(x% G2(x7 @(91($)), RN (P(gn@g))) < H(Gl(xv (P(fl(x)% ce (,D(fn(l‘))),

Ga(z,9(g1(2)), -, p(gn(2))) < H(G1(z, 0(f1(2)), ..., o(falz))),
G1(z,0(91(2)), ..., (gn())) + H(G1(z,0(91(2)), - - ., p(gn(2))),

Ga(z,9(91(2)), -+, p(gn(2)))) < Bl (f1(2))=p(g1(@))]], - - llp(fn(2) =p(gn (@))])) +1-

From the uniform continuity of ¢ on the compact space X and from iv) we

get that
lo(fr(x)) = @(gk(@))|| < ni, for each z € X.

Hence we conclude that

D(p1(x), Ga(w, 0(g1(2)); - - -, 0(gn())) < B, -+ 1) + 10,

for each x € X.

Then, for a fixed ¢ > 0 and for every x € X there exists z, €
Ga(z,0(g1(x)),...,¢(gn(x))) such that

Using the same argument like in the proof of Lemma 4.1 from [26] we infer

that for every € > 0 there exists a continuous function @5 € T2(¢) such that

d(p1,02) < By - M)+ + €.
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It follows D(p1,Ta(¢)) < B(n1,-..,0n) + 7. From the analogous inequality:

D(p2,T1(9)) < BN, ,0nm) + 17, for every @o € To(p) we get that

Making use of the estimate (6), we obtain
H(S51,5) < (1 —max{ar, a2}) [B(m;- - ma) + 7). O

Remark 5.3. For other applications see [2/, [3], [7], [8], [11], [24].
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