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1. Introduction

The study of functions of hyperbolic complex and of dual complex va-
riable was done in [11-12] and continued in the very recent papers [1-6].

In this paper we begin the study of a geometric theory for such of functions,
in the general setting of nonanalytic functions.

It is known that for the functions of usual complex variable, the geometric
theory is based on the identification of the field of usual complex numbers with the
two-dimensional Euclidean plane. But according to the Cayley-Klein scheme, there
are nine plane geometries, corresponding to all possible combinations which can be
formed for the three kinds of measures of angles and the three kinds of measure of
distances (see [13, p. 195-219], [14, p. 214-288)]):

1) Elliptic geometry, Euclidean geometry, Hyperbolic geometry, based on the
same elliptic (usual) measure of angles but having three different kinds of measures
for distances, i.e. elliptic measure, parabolic measures and hyperbolic measure, re-
spectively.

The analytic model for these geometries are the usual complex numbers.

2) Co-Euclidean geometry, Galilean geometry, Co-Minkowskian geometry,
based on the same parabolic measure of angles but having the three different kinds
of measures for distances as in the case 1, respectively.

The analytic model for these geometries are the dual complex numbers.

3) Cohyperbolic geometry, Minkowskian geometry, doubly hyperbolic geom-
etry, based on the same hyperbolic measure of angles but again having the three

different kinds of measures of distances, as above, respectively.
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The analytic model for these last three geometries are the hyperbolic complex
numbers.

A geometric theory for (analytic) functions of usual complex variable, based
on the hyperbolic geometry was done in [7].

In the next sections we will consider a few geometrical aspects for (nonan-
alytic) functions of hyperbolic complex and of dual complex variables, based on the
Minkowskian geometry and on the Galilean geometry, respectively.

Besides the fact that in this way we introduce several plane transformations
with new geometrical properties, our method permits an unitary treatment for the
geometric theories of functions of usual complex, of hyperbolic complex and of dual
complex variables.

Section 2 contains some preliminaries facts.

In the Sections 3 and 4 we introduce and study the classes of starlike, con-
vex and alpha-convex functions of hyperbolic complex and of dual complex variable,
respectively.

The methods were suggested by the classical ones in [8-10].

2. Preliminaries

First let us recall some known facts about the complex-type numbers (see
e.g. [6], [13-14]). It is known that excepting an isomorphism, three kinds of complex
numbers are important:

(i) Cy4, ¢ € R, ¢*> = —1, called the system of usual complex numbers,

(ii) C4, ¢ € R, g% = 0, called the system of complex numbers,

(iii) Cy, ¢ € R, ¢*> = +1, called the system of hyperbolic complex numbers,
where C; = {z =z +qy; =,y € R}.

For simplicity, let us denote ¢ = i if ¢> = —1, ¢ = d if ¢> = 0 and ¢ = h is

If ¢ = ¢, then C, is a field, if ¢ = d then C, is a ring with the set of
divisors of zero given by Z, = {z = z +qy; * =0, y € R} and if ¢ = h then C,
is a ring with the zero divisors Z, = {# =  + qy;z,y € R, |z| = |y|}. Obviously
Zy = {z € Cy; py(z) =0}, where p,(2) is defined below, for all ¢ € {i,d, h}.
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For z = z + qy € Cy, let us denote z = = — qy, (so 2z = 22 — ¢?y® € R),
pq(2) = /|2Z|, for r > 0 let us denote Ul = {z € Cy; py(2) < r}, clP = {z €
Cy; pg(z) =1}, for all g € {i,d, h}.

In the Euclidean geometry, % is a circle of radius r and of center (0,0), '
represents the straigth lines x = —r and « = +r, and Cr(h) represents the hyperbolas
22—y = 2, 2% g2 =12,

The polar coordinates and the exponentials are defined as follows. Let z =
x4+ qy € Cy. For ¢ = i they are well-known.

For ¢ = d we have |z|; =z, p = arg, 2z = %, 2 & Zq, and z = |z]|q(1 + dyp) =
|2]4e2?, where €3 = e¥el’ = e7(1 + dy).

For ¢ = h we have e} = cosh(y) + hsinh(y), ¢ = e} = e*coshy +
he* sinhy, |z|p, = (sgnz)y/22 — y?, p = arg, z = arcth%, z = |z|heZ“0, for 22 —y? > 0,
and |z]p, = (sgny)\/y? — a2, ¢ = arcthf7 z = q|z|heZ“’, for y2 — 22 > 0. In the first
case z is called of first kind (1-kind) an?zl in the other case it is called of second kind
(2-kind).

Note that Z, = {z € Cy; |z|q =0}, for all ¢ € {i,d, h}.

Let ¢ € {i,d,h} and v : I — C,, y(t) = =(t) + qy(t), t € I (bounded or
unbounded interval) be a differentiable path in C,, such that v/(t) € Zg, t € I.
Then arg,[y/(t)] represents the ”Q”-angle with the positive sense of Ox-axis, of the
" (Q”-tangent at the path v in the point v(t), where by convention, everywhere in the
paper ”7@Q” means the words Euclidean, Galilean and Minkowskian, for ¢ = i,d and

h, respectively.

_of  _of _of _of .
Let us denote Dy (f)(z) = P i Drn(f)(z) = za—i—z%, f=U+hV,
z = x + hy, where (see [7])
of _L[oU ov] n[ov  ov
dz 2|0z Oy 210z oy’
of _L[oU_av] [V _oU
0z 2|0z Oy 20z Oy’
ie.
ov. oV ou  oU
DN =2+ +h a5 iG]
ou  oU ov. oV
Dn(f)(z) = Bx+y6+h[x8+y6y]
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It is easy to verify the following formulas

Di(f) = =Du(f); Du(f) =Dr(f), Dn(Re f)=hIm [Dn(f)],

Dh [Re f] = Re Dh(f), Dh(Im h) = hRe Dh(f), Dh[Im f] =Im Dh(f),

aof _ of 1 Dy (f)

B hDy(f), e th(f% Dy(|fln) = h[f|nIm 7
D7) = Ifie 20, Dy ) = pie P2y Gang ) = 1 22,
which immediately imply
ofln _ Du(f)  Olfln _ Iflny. Pu(f)
9o | f[nIm i |Z|hRe s (1)
8arghf — Re Dh(f) aarghf _ 1 I Dh(f) (2)

9¢ PO Bl
where in all the above formulas ¢ = arg, z, |z|n # 0, |f(2)|n # 0.
Also, if h € C*(R), then Dy, (h(2%z)) = 0 and Dy [h(arg,, )] = 0.
Note that these formulas are valid for all the cases when z and f(z) are of
first or of second kind. On the other hand, in comparison with the case ¢ =4 in [§],

among the above formulas only three differ (by sign) from those in [8], namely those

Olfln
dp

which give formulas for Dy, (Im f), Dy (arg,, f) and

3. Starlike functions

Let f: Ul(q) — C, be of C*-class on Ul(q), f =U+qV, where q is any between
i,d and h.

Definition 3.1. We say that f is Symmetrically Uniformly (shortly (SU)) -
7 Q" starlike function on Ul(q), if f is univalent on UI(Q) \Zq, f(2) € Zq iff z € Zg and

moreover, for any fixed p € (—1,1) \ {0}, we have

Dare Z(argq f(2)) >0, for all |z|, = p. (3)
a

The univalency of f is required only on U 1((1) \Z4 (and not on the whole Ul(Q)),
because the geometric condition in (3) holds only on qu) \ Z,.
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Remarks. 1) If ¢ = ¢, then we obtain the classical conditions in [8]: f is

(SU)-Euclidean starlike, if f is univalent on the whole Ufi), f(0) =0 and

Re DT”C >0, for all z € U\ {0}, (4)
af _of  of of

where D, f = z— — Z—— and z = x + iy, are given in [8].

0z "oz 8z’ 07 _

(From [8] it follows that (4) implies the starlikeness of all the sets f (Ur(l)),

0 < r < 1, which suggested us the denomination of ”Symmetrically Uniformly” for f.
In fact it is well-known that (see e.g. [10, Theorem 3.1]) if f is analytic and

£'(0) =0, then f is (SU)-starlike if and only if f is starlike (in the classical sense).
ov. oV . ( ou  oUu >

Since simple calculations show that D;(f) = xa—y — y% +ily T xa—y
and
Di(f) 1 ov ou ou ov
fe = = {x<Uay Vay) *y(vax Uax)}’

it follows that f generates the injective vectorial transform defined on Ul(i) (in fact on
the Euclidean image of Uy (%)), F(x,y) = (U(x,y), V(z,y)), with U(0,0) = V(0,0) =0
and satisfying

[U‘z‘y/—v‘?ﬂ + {V‘ZZ—U‘?;] >0, Val+y?<1, 240, y#0 (5)
(since obviously (4) is equivalent with (5)).

2) Let ¢ = d. First, in this case the condition " f(z) € Zq iff z € Zy”,
means that "U(z,y) = 0 iff = 0”. For z € Ul(d) \ Zq we have z = |z|q(1 + dyp),
p=arggz R,z =zlg=r#0,y=re (r fixed in (—1,1) \ {0}), and (3) becomes

0 o (V\ UV.-VU.
&p(argdf)_ago(U>_U2> )
oV dxr oV oy oV oU
here V! = 2L . 82 L O 9 _ OV 2
WHEEE Ve = Be 3g0+3y Oy x6y7U¢ xay

As an immediate conclusion it follows that a (SU)-Galilean starlike function
f generates the injective vectorial transform on Ul(d) \Zg, F(z,y) = (U(z,y), V(z,y)),
with U(z,y) = 0 iff x = 0 and satisfying

ov ou
x(Uay—Vay)>0,Vx€(—1,1)\{O},yeR. (6)

Note that (6) is equivalent with the inequality

xa%l (g) >0, Vee (-1,1)\ {0}, y e R
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3) Let ¢ = h. The condition ”f(z) € Z, iff z € Z;” is equivalent with
U (z,y)| = |V(z,y)| iff |2| = |y|”. Let z € Zj, then arg, f(z) = arcthg, for
U? - V2 > 0 and arg, f(z) = %, for V2 — U? > 0. Denoting arg, z = ¢ € R,
|z|n =r € (—=1,1) \ {0} and (3) becomes
v\
<U><p _UV,-VU,

e ()], - Sy T

>0, ifU>-V?2>0

U

and

>0, if V2-U?>0.

U !/
{arcth (Uﬂ/ — <V>%@ _Uve-Vu,
%3

vV - . U P U2 —Vy2
-(v)
Now, taking into account that for fixed r» and independent of the fact that z
0 0
is of the first or second kind, we have a—x =y and a—y = x, by simple calculations it
¥

follows that a (SU)-Minkowskian starlike function f, generates the injective vectorial
transform on U{" \ Zy, F(x,y) = (U(x,y),V(2,y)) with |U(z,y)| = [V(x,y)| iff
|z| = |y|, satisfying the differential inequality

1 oV oU oU oV
—_ — = V—| -y |V—-U— Vz? -2 <1 .
e (e [V -V v [V o] f o vie < Lkl 21
(7)
On the other hand, taking into account the relations satisfied by D, (f)(z) in

Section 2, we easily obtain that (7) (and therefore (3)) is equivalent with

Re D"Jf&(”z) > 0, for all z € UM\ Z,. (8)

4) It is immediate that by the conditions in Definition 3.1, f has in addition
the following property of univalency: if 21 # 29, 21 € Zg, 22 € Ul(q) \ Z,, then
F(21) # f(z2).

5) The differential inequalities (5), (6), (7), suggest us that each kind of
starlikeness in Definition 3.1 is completely independent in respect with the other two,
as can be seen in the following simple examples.

Note that in all these examples, U and V are of C-class on the whole R2.

Example 1. Let U(z,y) = z, V(x,y) = 21%Y. The function f(z) =
U(z,y) +dV(z,y), z = z + dy, is (SU)-Galilean starlike in Ul(d)7 since it is univalent
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on Ul(d) \Zg, U(z,y) =0iff z =0, and (6) is satisfied. But even if f(z) = U(x,y) +
iV (z,y), z = x + iy, satisfies f(0) = 0, however f cannot be (SU)-Euclidean starlike,
because (5) is not satisfied in any U re (0,1], and f is not univalent on the whole
U,

Also, f(z) = U(x,y) + hV(x,y), 2 = x + hy, cannot be (SU)-Minkowskian
starlike in Ul(h), firstly because it is not satisfied the condition |U(xz,y)| = |V (x, y)] iff
|z| = |y|, secondly (7) is not satisfied, and thirdly f is not univalent on Ul(h) \ Zy,.

Example 2. Let U(z,y) = = + %(x2 — %), V(z,y) = y — xy. By [§],
f(z) =U(z,y) +iV(z,y) = 2z + %iz, z = x + 1y, is (SU)-Euclidean starlike in Ul(i).
But f(z) =Ul(x,y) + dV(z,y), z = = + dy, cannot be (SU)-Galilean starlike in Ul(d)
(for example, (6) does not hold) and f(z) = U(z,y) + AV (x,y), 2 = x + hy, cannot
be (SU)-Minkowskian starlike in Ul(d) (for example, (7) does not hold).

Example 3. Let U(x,y) = J;exz, V(z,y) = yeyZ. The vectorial function
F(z,y) = (U(z,y),V(z,y)) is injective on the whole R?. Let f(z) = U(z,y) +
dV(z,y), z =z + dy. Then f is (SU)-Galilean starlike on Ul(d), because U(z,y) =0
iff z =0, and (6) becomes

x2ex2(1 + 2y2)ey2 >0, forall z #0, y € R.

Let us denote g(t) = te”. Since g'(t) = e’ (1+2t2) > 0, g is strictly increasing
on R, and as consequence we obtain |U(z,y)| = |V(z,y)| iff [z]el*® = |ylel” iff
g(|x]) = g(jyl) iff |2 = |yl

The function f(z) = U(z,y)+hV (z,y), 2 = z+hy, also is (SU)-Minkowskian
starlike on Ul(h), because (7) becomes

P (22 —y?)

—— = T2 50 forallz? —¢y® #£0
e R

taking into account that H(t) = te? is strictly increasing on R .
Now, let us denote f(z) = U(z,y) + iV (z,y), 2 = = + iy. We have f(0) =0

and (5) becomes
e eV’ (2% + % + 42%y?] > 0, for all z # 0, y # 0,

which means that f is (SU)-Euclidean starlike too (on Uli)).
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Remark. Let ¢ = d or h. We will say that a region G C C, is (SU)-
7@ starlike if there exists f : Ul(q) — C, as in Definition 3.1, such that G = f[Ul(q)].
Then it would be of interest to give internal geometric characterizations (in Euclidean
language) of the (SU)-"@Q” starlike regions.

In the following we will obtain some sufficient conditions for (SU)-"Q)” star-
likeness. Thus, because Ul(d) is an usual convex domain, combining [6, Corollary 3.2]

with Definition 3.1 and relation (6), we obtain
Theorem 3.1. Let f : Ul(d) — Cy, f(z) =Ul(z,y)+dV(z,y), z =z +dy, be
of Cl-class. If f satisfies the conditions
(i) Ulz,y) =0 iff x =0,
oV
(ii) 2l >0 on U\ z4,
ov ou ou
jii) — #£0, — >0, —
(i) dy 70, oz = dy
then f is (SU)-Galilean starlike on Ul(d).

=0 on Ul(d) (conditions of univalency),

An example of f satisfying Theorem 3.1 is for U(z,y) = x, V(z,y) = (z + 1)190¥.
Note that this f is univalent on the whole Ul(d).
Another example is f(z) = ﬁ, z = x + dy, which can be written in the
z
_ T y(1 —x)
fi = d th = — = 7
orm f=U +dV, with U(z,y) Ato2 Vix,y) 1527

Now, as in the case ¢ = 4 in [8], it is of interest to see how the geometric
conditions together with the local univalency (imposed by using the Jacobian) could
imply the (global) univalency, in the cases ¢ = d and g = h too.

The ideas of proof of Theorem 1 in [8] can be summarized by two properties

which must to be checked:

f is univalent on C'?, for any fixed r € (0,1), 9)

f(CT(f)) N f(Cr(g)) = (), for any 1,72 € (0,1), r1 # 7o. (10)

But the case ¢ = i is essentially different from the cases ¢ = d and ¢ = h,
because while for ¢ = i, f(Cﬁi)), r € (0,1), are Jordan curves, in the cases ¢ = d
and ¢ = h (because of the zero divisors) they are not anymore, which will require

additional conditions on f, as can be seen in the following results.

Theorem 3.2. Let f : Ul(d) — Cq, f(z) =U(z,y)+dV(x,y), z=x+dy, be
of Cl-class. If f satisfies the conditions:

(i) |f(2)la =0 iff [2]la =0,
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(i) J(f)(z) >0, for all z € Ul(d) \ Zq, (here J(f)(z) denotes the Jacobian of

f),
(i) xﬁ v >0, forallz € (-1,1)\ {0}, y € R
ay U J K J y 2
(i) Denoting L_(x) = lim arg, f(z), L (z) = hrf arg, f(2),
y——00 y—-+oo
arg, f(z) = gg’z;, z=zx+dy € Ul(d) \ Zq (by (iii), L_(x), Ly (x) exist finite or
infinite), ’

I(z) = (L_(x),Ly(z)) if x>0, I(x)=(L+(z),L_(2)) ifz <0,
and supposing
I(a)NI(B) =0, foralla € (0,1), B (~1,0), () I)#0, [\ I(=)#0,
z€(0,1) z€(—1,0)
(11)
then f is (SU)-Galilean starlike on Ul(d).
Proof. We have to prove that f is univalent on Ul(d) \ Z4. In this sense we

will show that for ¢ = d, (9) and (10) hold.
For any r € (0,1) we have Cﬁd) = Cﬁdﬂ U C,gd_), Cﬁdﬂ N C’ﬁd_) = (), where

Cﬁdﬂ ={z=a+dy; z=7r}), CY9)={z=a+dy; z=—r}

T

Note that C{) N Zy = 0, C“ ) N Zy = 0 and that by (i) it follows that
FCE NNz =0, F(C9) N2y = 0.

In order to prove (9), let z1,22 € iz # z3. 1T € (0,1) be fixed. If
|21la = —|22[a, then by (11) it follows arg, f(z1) # arg, f(22), L.e. f(z1) # f(z2). So
let |z1]q = |22|a. We have two possibilities:

a) [z1]a = |22a = 7;

b) |z1]a = |z2|la = —7.

In both cases p; = arg, z1 # arg, z2 = 2 and by (iil) we get

0 .
a—(p[argd f(2)] >0, ¢ =arg, z, ie. arg, f(z1) # arg, f(22),
which proves (9).
Now, let 71,79 € (0,1), 71 # ro. We will prove that

FICUD) A FCEy =0, F(CE)npCE)) =0 (12)

and

FCEN A FECE) =0, FCE) N L)) =0, (13)

T1



SORIN G. GAL

which obviously will imply (10).

Indeed, (12) is immediate by (11). Let 6 € m I(z) be fixed.
z€(0,1)
For any p € (0,1), by (9) it follows that the system

argy f(2) =0, |zla=p (14)

yields a unique point z = pezll“’7 » = ¢(p). Differentiating in respect with p, we obtain

[aax (g)] (ps () + [ (p)) [;y (g)} (b, pp(p)) = 0. (15)

On the other hand, for the values of z in (14), denoting R(p) = |f(2)|la =
U(p, pp(p)), we obtain

R (5) = 5 (0.06(0) + (0(0)) 5. (0,510 (16)
Eliminating (pp(p))’ between (15) and (16) and taking into account (i), (ii)

and (iii), we get

iy J)p, pe(p))
s {U 8% (ZSTT:W(M)

i.e. R'(p) keeps the same sign on (0,1), which immediately implies that f(C’T(iﬁ)) N
£y =0,
Now, let 6 € ﬂ I(x). For any p € (—1,0), reasoning as above, we obtain
z€(—1,0)
that f(C’ﬁf_)) N f(C’T(g_)) = (), which proves (13) and therefore the theorem.

# 0, for all p € (0,1),

Remarks. 1) From the proof we can see how the geometric condition (iii),
together with the condition of local univalency in (ii) imply the global univalency on
Ul(d) \ Zg4. In comparison with Theorem 1 in [8], because of the zero divisors Zg in
this case appears the additional condition (11).

2) The function in the previous Example 1 satisfies Theorem 3.2. Another
example is f = U +dV, with U(x,y) = 22 and V(x,y) = ze?.

Analysing the proof of Theorem 3.2, we see that the condition (11) can be

replaced by others. Thus we easily obtain
Corollary 3.1. Let f: Ul(d) — Cq, f(2) =U(z,y) +dV(z,y), 2z = x + dy,
be of Ct-class. If f satisfies the conditions (i), (ii), (iii) in the statement of Theorem
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3.2 and
() ) #0. () 1) #0, [f(z)la #1f(22)las

2€(0,1) 2e(—1,0)
for all zy = x1+dy1, 20 = xo+dys € Ul(d)\Zd, with x129 < 0, then f is (SU)-Galilean
starlike on Ul(d) \ Zg.

Remark. The function f in Example 3 and f(z) =

a jz) 5 satisfy Corollary
3.1.

For functions of hyperbolic complex variable we can prove

Theorem 3.3. Let f : Ul(h) — Cp, f(2) =U(z,y) + WV (z,y), z = = + hy,
be of C'-class. If f satisfies the conditions:

(i) |f(2)In =0 iff [2|n = O,

(i) J(f)(z) > 0, for all z € UM \zh,

(iii) Re ;(f() 2) >0, for all z € U \Zh,

(iv) (22 — y?)[U*(z,y) — V3(z,y)] >0, on Ul(h) \ Z,
(v) if x122 < 0 then U(xy,y1)U(22,y2) < 0 and if y1y2 < 0 then

V(@ y1)V(22,2) <0, on U\ Zy,
(vi) Denoting

[ V h o, h
A3(r) = arcth | lim sr cosh ¢, srsinh ¢
|¢——occ U(srcosh g, srsinh ¢

( )]

( )|
s/ [ V (sr cosh @, srsinh ¢) |
Bi(r) = arcth w1—1>14rrloo U(srcosh g, srsinhyp) |’
(s )]
( )]
( )|
)]

rsinh @, sr cosh ¢

[ U
As(r) = arcth | lim
3(r) = arc W_E s V (srsinh ¢, sr cosh ¢

U (srsinh ¢, srcosh ¢

BS(r) = arcth | lim
2(7") arc ¢$+oo V(sr sinh ¢, sr cosh ¢

s € {-=1,+1}, » € (0,1), (by (i), (iv) these numbers exist, finite or infinite and
Aj(r) < By(r), p € {1,2}, s € {=1,+1}, r € (0,1)) and supposing that

() (A5(r),B(r) #0, pe{l,2}, se{-1,+1},

re(0,1)

i

then f is (SU)-Minkowskian starlike on Ul(h),
Proof. We have to prove that f is univalent on U1 \ Zp, in this sense
showing that (9) and (10) hold for ¢ = h.

First, it is obvious that for any r € (0,1) we have

+ - + -
o = cMyot) yet)u et ), where for p =1,2
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+
C’ﬁh") = {z € Cp; z if of p-kind and |z|, = r},
Cy(,h;) = {z € Cy; z if of p-kind and |z|, = —r},

the four sets being disjoint two by twos.
The univalency of f on each between the above four sets, easily follows from
(iii) (since it is equivalent with (3)).
On the other hand, by (iv) we get
+ + - -
Fethnpel )y =0, feynpe) =0,

Fe i npety =0, pe)npe) =,

and by (v) we get
FeMN ety =g, pelynpet)y =,

which immediately proves (9).

Now, let r1,72 € (0,1), r1 # ra. In order to prove (10), we have to check

sixteen relations of the form

0, (17)

FCEy A p(cldDy

with p,l € {1,2}, s,t € {+,—}.
For p # 1, (17) follows by (iv). For s # t, (17) follows by (v). Therefore it

remains to prove the following four relations

FESY N ey =0, f(OU) 0 F(E) =0,
(h) (h3) (h3) (h3) (18)
f(Cr12 )ﬁf(CmZ ) =0, f(Cr12 ) mf(cm2 ) =0.
In order to obtain the first relation, let 6 € (A", Bf') be fixed.
For any p € (0,1), by (7) we get that the system
arg, f(2) =0, z=xz+hy, |z[n=0p, (19)

yields a unique point z = pe,}i“’, © = @(p). For this value of z let us denote R(p) =
|f(2)|n. We will show that R(p), p € (0,1), is strictly monotonous on (0,1), i.e.

d d
fln _ dR keeps the same sign on (0, 1), (20)

dlz|ln, — dp

which will imply the desired conclusion.

In this sense we follow the ideas of proof in [8, Theorem 1].
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Differentiating (19) in respect with p and using (2), we obtain

1. Dp(f) Dy (f)

;Im 7 +¢'(p)Re - 0. (21)
Then by (1) we get
(e P 1 g P0)
i R (pRe 7 + ¢'(p)Im 7 . (22)

Eliminating ¢’(p) between (21) and (22) (since Re th(f) # 0), we obtain

—Re =—
dp f p

dR, Dun(f) R [Re Dh(f)Re Di(f) ~Im Dh(f)Im Dh(f):| _

f f f

R 1
f f oy

Since by direct calculation Re [Dp(f) - Din(f)] = (22 — y*)J(f), we get the

Di(f) (Dh(f)>

formula

dRr Dh(f) R xZ B y2

%Re f :;'Ug_vg (f)7

which can be written in the form

dlf Dy Dulf) _ 1f@)n 2* —y?
R = . J(f). 23
d|Z‘h € f |Z|h U2*V2 (f) ( )
d
As conclusion, the sign of |§(?|h is the same with the sign of |f|(2)|h But
Z|h Zlh
(h) _ g, _ (R), 2 _ 2 : :
because Uy ' ={z=x+hy € U;"’; z* —y* > 0, > 0} is obviously a connected
(n)

set (in R?), by the hypothesis it follows that the continuous function F : U;"'’ — R,
p

+
E keeps the same sign on U. 1(h1 ), which proves the first relation
z|n

in (18).

Taking now 0 € (A", B{'!) and again considering (18) but for p € (—1,0),
by similar reasonings we obtain (23), which will imply that f(Cng_)) N f(Cng_)) =0,
ry # .

Analogously we can prove the last two relations in (18), which completes the
proof.

Remarks. 1) The previous Example 3 satisfies Theorem 3.3, while f(z) =
22% do not satisfies it, but still is starlike.
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2) By the relations cosh p = /1 + sinh? ¢ and denoting sinh ¢ = ¢, it is easy

to see that the conditions in Theorem 3.3,(vi), can be written as

- — -
Aj(r) = arcth | lim Visrv14 1 srt) )
|17 U(srv1+12,s1t) |
[ VIF 2, srt) |
B$(r) = arcth | lim Visrv1+?,srt) )
[t Usrv1 + 12, s1) |

and similarly for A5(r), B5(r), s € {—1,4+1}, r € (0,1).
3) Condition (iv) in Theorem 3.3 assures that the kind of z € Ul(h) is not
changed by f. On the other hand, it is obvious that (iv), (v), (vi) can be replaced by

other conditions.

4. Convex and alpha-convex functions

Let ¢ be any between i,d,h, f : UI(Q) — Cq, f(2) = Ulz,y) + ¢V (z,vy),
z =2+ qy, f of C?-class on Ul(q). For any fixed r € (0,1), let us consider the
differentiable path in C,, v4(¢) = f(CZEq)), where ¢ = arg, z is variable and |z, is
constant (|z|g =7 if ¢ =14, |2]q = xr if g =d, h).

Then

Ta\P) = By dp Oy Oy A Ao Oy Op|’

(24)

and arg, [y, ()] represents the ”Q”-angle (with the positive sense of Oz-axis) of the
" (@Q"-tangent at the path f(Cf‘I)) in v4(¢).

Definition 4.1. We say that f is (SU)-"@Q” convex on Uéq) if f is univalent
on Ul(q) \ Zg, 74(p) € Zg iff z € Z, and moreover, for any fixed r with A4, = {z €
Cys |2lg =1} N (U{P\ Zg) # 0, we have
9 /

%(argq Yq()) >0, for all z € A,. (25)

Remarks. 1) Let ¢ = i. Then by (24) and by = rcosy, y = rsinp,
v € (0,27], we get that (25) is equivalent with the inequality ;D[argi D;(f)] > 0, and

we obtain the equivalent inequality in [8]

>0, zeU\{o0}.

36



STARLIKE, CONVEX AND ALPHA-CONVEX FUNCTIONS

2) Let ¢ = d. In this case z = z(1 + dp), where x = £r, y = zp, p € R,

) =250+ (20| el = 5/
Ya\p) = dy q ay | ga\Va\¥ = oy By’

for x # 0, and simple calculations show that a (SU)-Galilean convex function f,
generates the injective vectorial transform on de) \ Zg, F(z,y) = (U(z,y),V(x,y)),

oU
with a—y(m, y) = 0 iff = 0 and satisfying

x(aU 0’V oV U

Obviously that (26) is equivalent with
0
Ty OV/0y)/(0U0y)] > 0, @ € (=1, 1)\ {0}, y € R.

A simple example of (SU)-Galilean convex function is f = U + dV, with
U(z,y) = xze¥, V(z,y) = —y. Note that f is univalent on the whole Ul(d).

3) Let ¢ = h. In this case, we obtain: z = |z|(cosh ¢+ hsinh ) if z is of first
kind, z = |z|,(sinh ¢ + hcosh ) if z is of second kind, ¢ € R, |z|, = +r (constant),

and in both cases % =y, g—i =x.
Then by (24) we obtain
ou ou aVv 1%
/ — — - R _ frd
NP =gty —+h (af oy +yax> 4Du(f)(2),

which immediately implies argy, [}, (¢)] = arg, [Dn(f)(2)].
Reasoning exactly as in the case of starlikeness, we can say that f is (SU)-

Minkowskian convex on U™ if £ is univalent on U™\ Zy, Dp,(f)(2) € Zy, iff 2 € Z,

and
Di(f)(2) )
Re =270 5 0, forall z € U Zy,. 27
D) o 0
A simple example of (SU)-Minkowskian convex function is f(z) = 22z, z =
T+ hy.

4) Let ¢ = d or h. We will say that a region G C C, is (SU)-"Q” convex,
if there exists f : Ul(q) — Cy, (SU)-"Q” convex function on Ul(Q) such that G =
f (Ul(q)). An interesting question would be to find internal geometric characterization
(in Euclidean language) of the (SU)-"Q” convex regions.

By using the ideas in [9], at end we can introduce the concept of alpha-convex
functions.
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The Remarks 2 after the Definitions 3.1 and 4.1, suggest
Definition 4.2. Let f : Ul(d) — Cq, f(2) =Ul(z,y) +dV(z,y), z =z +dy,
be of C?-class on Ul(d) and « a real number. The function f is called (SU)-Galilean

a-convex if f is univalent on Ul(d) \Zg, U(z,y) =01iff x =0, 8—U(x,y) =0iff x =0,

dy
and for all z € (—1,1) \ {0}, y € R, we have
ou v
O|D|—,—
oD, V)] [ <3y Oy ﬂ
(1-a) ay +a By > 0,

where D(U,V) =z (g)

Note that f(z) = U(z,y)+dV (z,y), z = x+dy, with U(z,y) = ze¥, V(z,y) =
e? is (SU)-Galilean a-convex, for any a > —1.

By the relations (8) and (27) we can introduce

Definition 4.3. Let f : Ul(h) — Cp, f(z2) = Ul(x,y) + WV (z,y), z = = +
hy, be of C?-class on Ul(h) and « a real number. The function f is called (SU)-
Minkowskian a-convex if f is univalent on Ul(h) \Zp, |U(z,y)| = |V (z,y)| iff |2| = |y,

xal +yal aiU a£ iff ‘x| = |y| and on Ul(h) \Zh we have
dy or

n x@y erax

T DR | DRA)
i [(1 e TUDue)

Note that f(z) = 22z, 2 = x + hy, is (SU)-Minkowskian a-convex, for any

> 0.

aeR.

Remark. A deeper study of the function classes introduced in this paper
together with a corresponding theory for spirallike functions will be done in another
paper.

Also, the method in this paper can be extended to functions of hypercomplex
variables, as for example of quaternionic variable, or even in abstract Clifford algebras,

and will be done elsewhere.

References

[1] P. Fjelstad and S.G. Gal, n-dimensional dual complex numbers, Adv. Appl. Clifford
Algebras, 8, 2(1998) (in press).

[2] P.Fjelstad and S.G. Gal, n-dimensional hyperbolic complex numbers, Adv. Appl. Clifford
Algebras, 8, 1(1998), 47-68.

[3] P. Fjelstad and S.G. Gal, Note on the monogeneity of functions of complez-type variable,
submitted.

[4] S.G. Gal, On the sufficient conditions of monogeneity for functions of complex-type
variable, Rev. Un. Mat. Argentina, 40(1996), 33-42.

38



[5]
[6]
7]

8]

STARLIKE, CONVEX AND ALPHA-CONVEX FUNCTIONS

S.G. Gal, Approxzimation and interpolation of functions of hyperbolic complex variable,
Rev. Un. Mat. Argentina, 40(3-4)(1997), 25-35.

S.G. Gal, Univalent functions of hyperbolic complex and of dual complex variable, Math-
ematica (Cluj), submitted.

W. Ma and D. Minda, Hyperbolically convex functions, Ann. Polon. Math., 60(1994),
81-100.

P.T. Mocanu, Starlikeness and convexity for non-analytic functions in the unit disc,
Mathematica (Cluj), 22(45), 1(1980), 77-83.

P.T. Mocanu, Alpha-convez nonanalytic functions, Mathematica (Cluj), 29(52), 1(1987),
49-55.

P.T. Mocanu, Geometrical aspects in the theory of functions of complex variable (in
Romanian), in Complex Analysis, Classical and Modern Aspects (C. Andreian-Cazacu
Ed.), Ed. St. Encicl., Bucharest, 1988, 17-34.

J.C. Vignaux, The theory of functions of one and of several dual complex variables (in
Spanish), Univ. Nac. La Plata, Publ. Fac. Ci. Fisicomat. Contrib., 107(1936), 221-282;
109(1937), 389-406.

J.C. Vignaux and A. Durafiona Vedia, On the theory of functions of a hyperbolic com-
plex variable (in Spanish), Univ. Nac. La Plata, Publ. Fac. Ci. Fisicomat. Contrib.,
104(1935), 139-183.

I.M. Yaglom, Complex Numbers in Geometry, Academic Press, New York, 1968.

I.M. Yaglom, A Simple non-Euclidean Geometry and its Physical Basis, Springer-Verlag,
New York, 1979.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ORADEA, STR. ARMATEI
ROMANE 5, 3700 ORADEA, ROMANIA E-MAIL: GALSO@HS.UORADEA.RO

39



