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PERTURBATIONS OF CERTAIN NONLINEAR PARTIAL FINITE
DIFFERENCE EQUATIONS

B.G. PACHPATTE

Abstract. In the present paper we establish some new variation of con-
stants formulae for nonlinear perturbed partial finite difference equations
in two independent variables. We also present some applications to convey
the importance of our results in the qualitative theory of certain partial

finite difference equations.

1. Introduction

During the past few years the abundance of applications is stimulating a rapid
development of the theory of finite difference equations. A variety of new methods
and tools are developed by different investigators to study the various types of finite
difference equations. In the theory of ordinary finite difference equations the method
of variation of parameters is a very useful tool in studying the properties of solutions
of perturbed finite difference equations. Motivated and inspired by the results given in
[5], see also [1-4, 6-10], in the present paper we establish some representation formulae
related to the solutions of a certain nonlinear partial finite difference equation and
its perturbed partial finite difference equation in two independent variables. We also
use these formulae to study certain properties of the solutions of the corresponding

perturbed partial finite difference equation.
2. Statement of results
In what follows, we let Ny ={0,1,2,...}, and

N(.’L’O):{$0,$0+1,$0+2,--.}, N(yo):{yan0+17y0+27"'}7
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for zg,yo in Ny. The empty sums and products are taken to be 0 and 1 respectively.

For any functions z(z,y), w(m,n), z(x,y, w(m,n)), x,y,m,n in Ny, we define
Avz(z,y) = 2(z + 1,y) — 2(z,y), Doz(w,y) = 2(z,y +1) — 2(z,y),
AoAqz(x,y) = Arz(z,y + 1) — Arz(x, ),
Ay z(z,y, w(m,n)) = z(z,y,wim + 1,n)) — z(x, y, w(m, n)),
Apz(z,y,w(m,n)) = z(z,y,wim,n+ 1)) — z(x,y, w(im,n)).
We denote the product N(zg) X N(yo) by N(zo,yo). For (zo,0), (z,y) in N(zo,yo)
we define
o(z,y, z0, yo, w(z,y)) = Awz(z,y, 20, yo, w(z,y)),
where
Awz(,y, o, yo, w(z, y)) (w(z + 1,y) —w(z,y))) =
= z(z,y, ), Yo, w(z + 1,y)) — 2(z,y, o, Yo, w(z,y)).

We consider the nonlinear partial finite difference equation

AlAlu(xay) = f(m,y,u(x,y)), ’U,(It,yo) = u(an y) = Uo, (E)

and its perturbed nonlinear finite difference equation

A2A1U(=T,y) = f(:c,y,’u(x,y)) +g(1‘,y,’l}(’l},y)), ’U(’l,’,yo) = v(xg,y) = Uy, (P)

for (z,y) in N(zo,yo), where u,v are real-valued functions defined on N(zg, o), f,9
are real-valued functions defined on N (zg, y0) X R, R denotes the set of real numbers,
and ug is a constant. We use u(z,y, zo, Yo, uo) and v(x,y, xo, Yo, uo) to denote the
solutions of (E) and (P) respectively passing through the point x(zo,y0) € N(z0,Yo)-

A useful nonlinear variation of constants formula is established in the follow-
ing theorem.

Theorem 1. Suppose that u(x,y, xo, Yo, uo) is the unique solution of (E) and
6z + Ly, 70,40, w(z ), 6~z + 1y, 7.y, w(z.y)) exist for (z,y) in N(zo.y0).

Then any solution v(x,y, To, Yo, uo) of (P) satisfies the relation

rz—1 y—1
’U(xvywavyOauO) = U;(.’E,y, Zo, Yo, Uo + Z Z ¢_1(8 + 1775’330790’ U}(S,t))x
s=x0 t=Yo
x[A(s,t, 20,50, w(s, 1)) + g(s,t, v(s, 1, 20, Yo, u0)))) (2.1)
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where w(z,y) is a solution of the equation

A2A1w(x7y) = ¢71($ + 13 Y, o, yo,w(x,y))[A(x,y, $0,y0,w($,y))+

+g(xa yvv(x7y7x07y0au0))]7 ’IU(.T, yO) = U](Jfo,y) = Up, (22)

fO'/’ (Z‘,y) in N(x()ayo) and

A(l‘,y7$o,y07w($ay)) = _{[Alu(xay + 1ax07y05w(x7y + 1))_
_Alu(xay + 173307310711}(9573/))] + [Awu(m + 17y + 17$0>y07w(9071/ + 1))_

—Awu(l'-F]_,y’:L'O,yO?’lU(.’E,y))]Al’IU(.’E,y+ 1)}7 (23)

for (z,y) € N(zo,y0)-

Another interesting and useful representation formula is given in the following
theorem.

Theorem 2. Suppose that u(x,y, xo, Yo, uo) is the unique solution of (E) and
o(z + 1,y, 20, yo, w(z,y)), ¢~ (x + 1,y,20,y0,w(x,y)) exist for (z,y) € N(zo,yo)-

Then any solution v(z,y, o, Yo, uo) of (P) satisfies the relation

rz—1 y—1
U(z7y7I07yOau0) = u(xayaIan(),uO) + Z Z B(I7y7x07y03w(53t))+
s=xo t=Yo
z—1 y—1
+ Z Z gb(:c,y,xo,yo,w(x,y))x
s=xzo t=yo

X¢71(S + 17t5 any()’w(S?t))[A(S?tvx07y03w(57t))+

+g(8at7’u(87t7x07y0au0))]7 (24)

where A(x,y, xo,yo, w(x,y)) is given by (2.8) and
B(x7 Y,To, Yo, ’LU(S, t)) = [A’wu(l‘7 Y,0, Yo, UJ(S, t+ 1))_

—Ayu(z,y, o, yo, w(s,t))]Arw(s, t + 1), (2.5)

where w(x,y) is a solution of (2.2).
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3. Proof of Theorem 1
Since u(x,y, xo, Yo, uo) is the solution of (F), by the method of variation of
parameters we can find the solution of (P) by the relation
v(z, Y, 0, Yo, uo) = u(z,y, To, Yo, w(,y)), w(wo,y) = w(z,yo) = uo, (3.1)
where the function w(z,y) is yet to be determined. For this it is necessary that
Arv(z, Y, o, Yo, o) = u(z + 1,y, 20, Yo, w(z + 1, y)) — u(®,y, To, Yo, w(z, y)) =
= Aqu(z,y, 2o, Yo, w(w, y))+
+Apu(z + 1,y, %o, yo, w(z,y)) Arw(z,y). (3:2)
From (3.2) we have
AsAvv(z,y, 0, Yo, o) = Aru(z,y + 1,20, yo, w(z,y +1))—
—Aqu(z,y, xo, Yo, w(x,y)) + Apu(z + 1,y + 1, xo, yo, w(z,y + 1)) Ayw(x,y + 1)—
—Aypu(z + 1, y, 0, Yo, w(z, y)) Aw(z, y) =
= Avu(z,y + 1,20, 90, w(2,y)) — Aru(z,y, o, yo, w(z, y))+
+Au(z, y + 1,20, y0, w(z,y + 1)) — Agu(z, y + 1,20, yo, w(z, y))+
+Apu(z+ 1,y + 1,20, Yo, w(z,y + 1)) Aqw(z,y + 1)—
—Aypu(z + 1,9, o, yo, w(z, y)) Arw(z,y + 1)+
+Apu(z + 1,y, x0, Yo, w(z,y)) Aw(z,y + 1)—
—Ayu(@ + 1,y, 20, Yo, w(z,y)) Arw(z, y) =
= Ao Ayu(z, y, o, yo, w(z,y)) + {[Aru(z, y + 1,20, y0, w(z,y +1))—
—Aqul(z,y + 1,20, Yo, w(z, y))] + [Awu(z + 1,y + 1,20, yo, w(z,y + 1)) —
—Apu(z + 1,9, 20, Y0, w(z,y)) ] Arw(z,y + 1) }+
+Apu(z + 1y, o, Yo, w(z,y)) Ao Aqw(z, y) =
= DoAvu(z,y, zo, yo, w(z, y)) — A(z,y, 2o, yo, w(z, y))+
+Apu(z + 1, y, 20, Y0, w(z,y)) Ao Ajw(x, y). (3.3)
Now from (E), (P) and (3.3) we have

f($7y,1}($,y,l’0,yo,’U/0)) + g(afvyw(%yaﬂﬁmyo’uo)) =
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= f(@,y, u(z,y, z0,yo, w(z,y)) — Az, y, 20, Yo, w(z, y))+
+o(z + 1, 20, yo, w(z, y)) AsAw(z, y),
which because of (3.1) and the fact that ¢~ (x + 1,, 20, yo, w(x,y)) exists, reduces
to
AoAqw(z,y) = ¢~ (@ + Ly, z0, yo, w(w,y)) [A(z, y, 20, yo, w(z, y))+
+9(x,y,v(x, Y, w0, Y0, u0))l,  w(wo,y) = w(x,y0) = uo, (3.4)
which determined the required function w(z, y). The solutions of (3.4) then determine

w(z,y). Further from (3.4) we have

rz—1 y—1
w(xvy) =ug + Z Z ¢_1(S + 17t7x07 y07w(svt))[A(svt7x07y07 'lU(S,t))—f—
s=xo t=yYo
+9(s,t,v(s,t, 0, Yo, w(s,t))]. (3.5)

From (3.5) and (3.1), (2.1) is immediate. The proof is complete.

4. Proof of Theorem 2
For zog <m <z, yo <n <y, xg,m,z € N(x9), y0,n,y € N(yo), we have
Apu(z, y, xo, Yo, w(m,n)) = u(z,y, xo, yo, w(m + 1,n)) — u(z,y, zo, yo, w(m,n)) =
= Ayu(z,y, o, yo, w(m,n)) Ajw(m,n). (4.1)
From (4.1) we have
ApApu(x,y, o, Yo, w(m,n)) = Ayu(x, y, o, Yo, w(m,n + 1)) Ajw(m,n + 1)—
=Ayu(z, y, 2o, Yo, w(m, n)) Arw(m, n) =
= Ayu(z,y, o, yo, w(m,n + 1)) Aqw(m,n + 1)—
—Ayu(z,y, o, yo, w(m,n))Ajw(m,n + 1)+
+Ayu(z,y, o, yo, w(m,n))Aqw(m,n + 1)—
—Ayu(z,y, o, Yo, w(m,n))Ajw(m,n) =
= [Ayu(z,y, zo, yo, w(m,n+1))—
—Aypu(z,y, o, yo, w(m,n)) | Ajw(m,n + 1)+
+Au(z,y, o, Yo, w(m,n)) AsAjw(m,n) =

= B(x,y, xo, Yo, w(m,n))Ajw(m,n + 1)+
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+¢)(xayaanyO,w(m’n))AQAlw(mvn)' (42)

Now keeping z, y, m fixed in (4.2), set n =t and sum over ¢ from yg to y — 1,
and then keeping x,y,t fixed in the resulting inequality, set m = s and sum over s

from zg to x — 1, to obtain

z—1 y—1
u(xay7x07y07w(x7y)) = u(’rvy7x07y07u0) + Z Z B(I’y7x05y07w(57t))+
s=zo t=Yo
rz—1 y—1
+ Z Z ¢(xayamOaQOaw(Sat))AQAlw(Sat)' (43)
s=xo t=Yo

If w(x,y) is any solution of (2.2), then the result (2.4) follows from (4.3),
(3.1) and (2.2). The proof is complete.

5. Some applications

In this section we use the formulae given in Theorems 1 and 2 to study
the boundedness of the solutions of perturbed finite difference equation (P) under
some suitable conditions on the functions involved in (P). We say that the solution
u(x,y, xo, Yo, ug) of (F) is globally uniformly stable if there exists a constant M > 0
such that |u(z,y, zo,yo,u0)| < Mlugl|, for f(z,y) € N(zo,y0) and |ug| < oo.

We shall need the following special version of the inequality established be
Pachpatte in [8,Theorem 1].

Lemma. Let u(x,y) and h(x,y) be real-valued nonnegative functions defined

on Ng and ¢ > 0 be a constant. If

for x;y € Ny, then

z—1
u(w,y) <c[]
s=0

1+ yZh(s,t)} :

for z,y € Ny.
We first give the following application of the variation of constants formula
established in Theorem 1.
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Theorem 3. Let the solution u(zx,y,xo,yo,uo) of (E) be globally uniformly
stable and the hypothesis of Theorem 1 hold. Further, suppose that

|¢_1(.’II + 1>y73307y07w($a y))[A(LL', y>3307y07w(33ay))+

+g($, y?”(x7y7$0>y07u0))‘ < p({L‘7y)‘IU($,y)|], (51)

for (z,y) € N(zo,y0) where p(x,y) is a real-valued nonnegative function defined on

N (zo,y0) and

z—1 y—1
II11+> p(s,t)] < o0, (5.2)
S=To t=yo

for (z,y) € N(xzo,y0). Then any solution v(x,y,xo,yo,uo) to (P) is bounded for
(‘ray) € N(x07y0)'

Proof. By Theorem 1, any solution v(x,y, zo, yo, ug) of (P) satisfies

U(Cﬂ,y,xo,yovuo) = u(xaya anyO,w(may))a U/(l’,yo) = w(x03y> = Uo, (53)

where w(z,y) is given by (3.5) is a solution of (2.2). Using (3.5) and (5.1) we have

rz—1 y—1
(e )] < fuol + 3 3 167 (5 + 1,1, 70, 30, wlar, 1)) x
s=xo t=Yo
X[A(S7t7m0ay07w(8at)) +g<57tav(s7t7x0ay07y0))]| S
rz—1 y—1
<luol+ Y Y pls,t)w(s, ). (5.4)
s=xo t=Yo

Now a suitable application of Lemma to (5.4) yields

1+ i p(s,t)] . (5.5)

t=yo

z—1
jw(z,y)| < Juol T

S=Xxo

The right hand side of (5.5) can be made sufficiently small by using (5.2) and
assuming that |ug| is sufficiently small, i.e.
lw(z,y)| <e, (5.6)

where € > 0 is arbitrary, constant. From (5.3) we have

|’U(l‘, Y, %o, Yo, U0)| = |U(I, Y, %o, Yo, 'lU(I, y)| (57)
From the global uniform stability of the solution u(z,y, zo, yo, uo) of (E) and
(5.6) and (5.7) we have
|’U((E, Y, Zo, Yo, U())‘ S M€7
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which implies the boundedness of the solution of (P). The proof is complete.

We next give the following application of the variation of constants formula
established in Theorem 2.

Theorem 4. Assume that the hypotheses of Theorem 2 hold and the functions
involved in (2.4) satisfy

z—1 y—1
Z Z |B(x,y, zo, yo, w(x,y))| < M, (5.8)
s=xo t=Yo

|¢(x7yuw07y07w($7y))¢_1(8 + 17t7x07y07w(8ut))| S M27 (59)

‘A($7y7x07y0aw(xu y)) + g(x7y7v(x7ya $07907U0))| S

< p(@,y)|v(@,y, zo, Yo, uo)|; (5.10)
where My and My are nonnegative constants and p(x,y) is a real-valued nonnegative

function defined on N(zg,y0) and

rz—1 y—1
II11+> p(s,t)} < o0, (5.11)
s=xo t=yo

for (x,y) € N(xo,y0). Then for every bounded solution u(x,y, o, yo,uo) of (E) for
(z,y) € N(xo,y0), the corresponding solution v(x,y,xo, Yo, uo) of (P) is bounded for
(z,y) € N.

The proof of this theorem follows by using (5.8)-(5.10) in (2.4) and applying
Lemma and condition (5.11). Here we omit the details.

We note that the results given in Theorem 1-4 can very easily be extended
when the perturbation term g involved in (P) is of the more general type i.e. when

the equation (P) is of the form

AQAl'U(xay) = f(xvyvv(xvy)) +g(x,y,v(x,y),Tv(x,y)),

”(x»yo) = v(l'O»y) = Uo, (Pl)
where
z—1 y—1
Tu(x,y) = Z Z h(z,y, s, t,v(s,t)).
s=x0 t=yo

The formulations of such results corresponding to the equations (E) and
(P') are very close to that of the results given in the above theorems with suitable
modifications and hence we do not discuss the details.
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