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ON THE CONVERGENCE OF ITERATIVE PROCESS FOR
NON-LOCAL PROBLEM SOLUTION IN SURGERY

I. OZTURK AND M.M. LAFISHEVA

Abstract. In this study a priori estimate for the solution of parabolic
differential equation in surgery was found. Then this estimate was used to

prove the convergence of iterative process.

1. In domain Q@ = Qz (0,7),Q = {z = (z1,22) : 1o < x1 < R, 0 < 22 < 7},

consider the following problem

guv 1 9 Ou 19 du :
ot 21 0x (x1k(x,t) 8x1) - x1 0wy (k (1) 3:62) @b, (1)
k%bl:,.o = fT(?) udxy — M1 (t,l‘Q) s r1 =710, (2)
—hg = Bu— p2 (t,72), o = R,
kB — yyu— o (1,1), 2y =0, o
—ki%:’}/zu—x2(xht)j X9 = T,
u(x,0) = up (z), (4)

where « is a certain number of the interval (rg,R), k(z,t) > ¢ >
0,uo (), f, B, v, Yo, Xv, (v =1,2) are well known functions which satisfies smooth-
ness conditions necessary for the solution to exist [1]. Problem (1)-(4) appeared
during mathematical simulation of the processes of the heat transference into tissue
[5]. In [1], the existence of the solution of the problem (1)-(4) is proved by using the
potential method.
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Our nearest goal is to get a priori estimate for the solution of problem (1)-
(4) whence particularly uniqueness of the solution will be shown. Then the obtained

priori estimate will be used to prove iterative process convergence.

Since the problem with non-local condition (2) generates a non self-conjugate
problem and the sign of corresponding differential operator is not defined, the gen-
eral theory developed for stability and difference scheme cannot be applied to the
above mentioned problem. Besides, non-local condition does not allow to use of any

disjunction scheme for the solution of two-dimensional problem (1)-(4).

All these difficulties can be overcome, if the following sequence of problems

is considered instead of problem (1)-(4).

ou _ 18 s _ 1 9 o 1.9 o
ot Lu+'f’Lu = T 8.’,81 <z1k6w1> + w% 6302 (kaxz) ’
3,& o o s—1 o
kga: —fro u dry — iy, x1 = To,
du _ np
_kaxl = ,Bu—,ug, r1 = R, (5)
k 1 9u _ S =0
Z1 0z - V1 UTX1, T2 = U,
1 0u _ ., 3 _
—k o b, = V2U—X2, Lo =T,
S
U(l‘,o):’u,o(x), s=12,

where s is iterative index.

In each iteration, the problem (5) becomes regular, so for the numerical solu-
tion of (5), local one-dimensional schemes can be used [2]. Now let’s multiply equation

(1) with the scalar product zyu and integrate by parts, we obtain

10 2 2 1 2 " 2
T (xl,u )—|— (xl,kul.l) + (%1,k:ul.2 —|—/O Rpu* (R, xa,t) dret

T «@ R
+/ rou (ro, T2, t) (/ u(xthvt)dIl) dI2+/ You? (21,7, t) dz1+
0

To To

R T T
+/ yiu? (21,0,t)dzy = (f,xlu)—i—/ Rusu (R, 2, 1) dxg—l—/ ropiu (ro, T2, t) dro+
0 0

T0o
R R
—l—/ X2 (x1,t) u (21,7, t) dry —|—/ X1 (1,t)u(21,0,t) dry. (6)

To 70
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Let’s estimate the right hand-side integrals of (6). Using S.L. Sobolev’s em-
bedding theorem [3], we get

/ rop (ro, T2, t)dry < %O (/ u? (ro, w2, t) dzo +/ N%d%) <
0 0 0

ro€ 4 2 ’I“Oc
< ey o "5 [l o+ [ e <

€ 2 C 2 | To
< SIVa i+ G Al + 3 [ idden @

where ||ul|f,,,) means that the norm is taken in correspondence with variable 21, >

0,C. > 0 are positive constants.

In the same way we find the following

4 R R R [T
| B (Reayt) doa < 5 e a4 5 CelVaull + 5 [ pddaa (9
0 ro 2rg 2 Jo

R 1 R 9 9 1 R )
[ xutenmtyde <5 [ (e lunly o + el ) dor+ 5 [ e <
To T0 To
Re| 1 e s 1 R
< By, = /ET - day, 9
<5 \/971u20+27’o” x1u||0—&-2/rD Xadry (9)

R 2 R
Rel|l 1 C. o 1 9

x1u (x1,0,t) dx SH% + — ||lVT1u -|-7/ x1dxy. 10

/T0 1 ( 1 ) 1 2 \/«E 2 0 2 O|| 1 HO 2 o 1 1 ( )

Let’s estimate the left hand-side integrals of (6) which corresponds to non-

local condition (2):

7’0/ u (ro, 2, 1) (/ u (21, 22,1) dl’1> dxy <
ro
(/ / (w1, 2,t) derdry + 2r0/ u? (T07$2,t)d$2) <
0

/ / x1u2 (931,1‘2, )dxldx?+ / Hulﬂl ||L2 (x1) +Ce ”uHLz(ﬂm))dxz
0 T0 0
(a ro)

IA
N |

(1+ (= 70) C) [IV@rullg + =" [Va1us, |15, (11)
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(,oa0) < 5 IVETIE + 5 Il (12)

where ||ul|f = I f:: u?dz1dws.

Having substituted inequalities (7)-(12) in (6) and chosen sufficiently small

€, we find

2

0 9 9 1
§||v$1u||o+V1 valuw1||o+y2 \/7—11%2 . <
2 2 2 2
<[V fllo + M (e) [[Varua, g + R pl™ +x]7, (13)

where 11 = 2¢; —5{1+(0¢—r0)+%} > 0,0 = 2(c;1 —Re) > O,M(e) = 1+
(1+2j0R)CE,

T R
= [+ s = [ (¢ + ).

70

Integrating the inequality (13) from 0 to ¢ we get

2
vamly+ o IVaTenls g, + e Al , <

t
2 2 2
< Va1 g, + M () / |l dr + [[v/Eru (2, 0) |2 +

t t
‘R / i () [2dr + / Ix (r)dr, (14)
0 0
where Hu||§’Qt = [ lullpdr.

From inequality (14), we have

|arul2 < M () / | Varull2 dr + F (1) (15)

where F (t) = ||\/Ef||;Qt + |lvETu (@, 0|2 + R [y |u (n)Pdr + f [x (r)*dr.
52



ON THE CONVERGENCE OF ITERATIVE PROCESS FOR NON-LOCAL PROBLEM SOLUTION IN SURGERY

Using well-known Lemma 1.1 [4], from (15) it is obtained

y(t) < MEOUF (1) y (1) = / | arul 2dr. (16)

By making use of (16), we obtain a necessary estimate from (14)

2

2 2
[Vaiullg + vi lVerua, 15 o, + 2

<

2,Q¢

1

< M (@) | IVEfls.o, + IIVEu (2, 0)]5 + / | (1) dr + / Iu(7)|2d7]~ (17)

Since rg < 21 < R, /71 can be ignored in estimate (17). So we have
2 2 2 2 2 ! 2 2
b B g 42 Tl g, < 3 0) (111 g, + o @G + [ (eI + b)) ]
0
(18)
It is clear from estimate (18) that the problem (1)-(4) has a unique solution.

2. Let’s designate =1 —u, then for 5, we have

S
— =Lz
ot ’
8; - o s—1
kawl = Jrg z d$1
EE s
7](18;1 =Pz, Il—R,
1902 _ 8
kEBIQ =M=z, .’172—07
1 9% S
_kﬂaxz = 2, To =,
S
Z(z,0)=0.

Using estimate (18) for 2, we find

4 <22 0 / / (/ Szldxl)dezdt < M (T) (a — 7o) /OT

or after integration with respect to t from 0 to T , we have

2
s—1
z H dt,
0
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s—1

s
z z

< VM DT (a= H
2’QT7\/ (T)T (o —10) 200

Suppose ¢ = TeM T /o —7ry < 1. From (19), we obtain the estimate

M (T) = TeMET, (19)

S s
[l o, <<
2,Qr

Thus the iterative process is convergent in the norm ||-[|, ., for sufficiently

2,Qr

small T or small o — 7.
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